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HIGHLIGHTS
We propose a stability diagnostic for partitioning hydrodynamic forces to be used in hybrid solvers,
enabling safe integration of linear components while directing machine learning (ML) to capture
only the nonlinear, history-dependent force components.

1 INTRODUCTION
Hybrid solvers consist of procedures where the system dynamics is advanced in time using a com-
bination of numerical models and machine learning (ML) components. For the integration of the
motion of a rigid body interacting with water waves, data-driven force predictors may introduce
stability issues when embedded in such solvers due to the force components that they surrogate. The
coupling between fluid and structural domains can be addressed through various numerical strate-
gies, ranging from monolithic approaches that solve both domains simultaneously within a unified
framework, to partitioned methods that operate alternate leap-frog solutions between separate fluid
and structural solvers with iterative exchange of boundary conditions [1]. In hybrid solvers, a neu-
ral network can replace or augment parts of the fluid solver, providing force predictions based on
learned mappings from input features to hydrodynamic loads. A neural network can be compactly
represented as:

Nθ(x) ≡ f(x;θ), (1)

where x denotes the input features (e.g., kinematic quantities or flow parameters) and θ the set of
all trainable weights and biases. In the following, we will show how to select data to train a neural
network of choice based on a stability criterion for numerical integration.

2 METHOD
In a fully coupled two-way wave–structure interaction, the fluid force F depends on the instantaneous
state of the structure. Conversely, weakly coupled or one-way approaches, where fluid forces are
prescribed with very weak or non-existent feedback from structural motion, may introduce stability
issues when the implicit damping characteristics of the prescribed forces are small or negative. This
can be formulated starting from:

mz̈ref = Ftotal(t) (2)

where Ftotal(t) is a predetermined function of time only, which may be considered as generated from
a one-way coupling, computational method measurements, or experimental reverse dynamics (i.e.,
black boxes). Also, the body dynamics is fully known.

We assume that this black-box force can be decomposed into known and unknown components:

Ftotal(t) = Fknown(z, ż, z̈) + Fbb(t), (3)

where Fknown includes explicitly modeled physics such as hydrostatic restoring forces, added mass ef-
fects, and damping, which can be related to system dynamics, while Fbb(t) represents the prescribed
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fluid force from simulations or experiments. The reconstruction reads:

mz̈ = Fknown(z, ż, z̈) + Fbb(t). (4)

The reference trajectory can be reconstructed by numerically integrating this system with ap-
propriate initial conditions z0 and ż0. This integration yields the time histories z(t) and ż(t) that
should correspond to the reference motion. To assess the stability of this reconstructed system,
we extract the implicit characteristics of the prescribed force by regressing Fbb against the refer-
ence motion. This force is decomposed into components proportional to velocity, displacement, and
acceleration:

Fbb(t) ≈ F̄ + αz̈ref(t) + βżref(t) + γzref(t), (5)

where F̄ is the mean force, α = ∂Fbb/∂z̈|ref, β = ∂Fbb/∂ż|ref, and γ = ∂Fbb/∂z|ref are the force
sensitivities to velocity and displacement, respectively. These coefficients are obtained through
least-squares regression: αβ

γ

 =
(
ATA

)−1
AT

(
Fbb − F̄

)
, (6)

with the regression matrix defined as:

A =

 z̈ref(t1) żref(t1) zref(t1)
...

...
...

z̈ref(tN ) żref(tN ) zref(tN )

 . (7)

where 1 . . . N iterates the time instances in the investigated time history.
To interpret these coefficients in the context of the structural dynamics, we rewrite Equation 4

by substituting Equation 5:

mz̈ = Fknown(z, ż, z̈) + F̄ + αz̈ + βż + γz. (8)

These regression coefficients α, β, and γ directly specify the mass, damping, and stiffness required in
the ODE solver to achieve stable integration. This information can then be used to decide whether
a component can be part of the integration system, according to the required compensation.

2 APPLICATION FRAMEWORK
To evaluate the proposed approach, two numerical models are employed to generate pseudo time

histories of the black-box force Fbb. The first model is based on hydrodynamic forces obtained from
a frequency-domain boundary element method (BEM) solver. Linear hydrodynamic coefficients are
used to solve the system dynamics in the time domain. The corresponding equation of motion is
given by:

(m+A∞)z̈(t) +

∫ t

0
K(t− τ)ż(τ)dτ + Cz(t) = Fe , (9)

where, m is the inertial mass, A∞ is the added mass associated with heave mode, K(t) is the
convolution part of the radiation force, C is the hydrostatic stiffness, and Fe is an external force.
The linear coefficients are found using the frequency-domain BEM library Capytaine [2] considering
a perfectly half-submerged sphere located at rest at its statically neutrally buoyant position. The
radiation damping term is calculated using:

K(t) =
2

π

∫ ∞

0
B(ω) cos(ωt)dω , (10)



where B(ω) is the radiation damping computed by the BEM solver. The main parameters for this
model are: m=7.06 kg; A∞=3.50 kg; C=692.2 N/m.

Secondly, a high-fidelity fluid dynamics solver is employed, based on the direct solution of the
Navier–Stokes equations. The flow evolution is computed by interpolating physical quantities over
neighboring particles, following a Lagrangian formulation. The governing equations for transient
compressible flows consist of the conservation of mass and momentum, which in Lagrangian form
can be written as:

dρ

dt
+ ρ∇ · v = 0, and

dv

dt
= −1

ρ
∇p+ ν△ v + f , (11)

where ρ, t, v, p, ν and f are density, time, velocity vector, pressure, kinematic viscosity, and
external forces per unit mass, respectively. Numerically, this system of equations is solved using the
smoothed particle hydrodynamics method (SPH), employing an open-source implementation [3].
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Figure 1: Validation for the two numerical models
against experimental data.

Figure 1 presents validation for both numer-
ical models against experimental data available
in [4]. The test case comes from a heavy decay
test of a half-submerged sphere of diameter D
with an initial drop height of D/10. The BEM
model mesh for the computation of the hydrody-
namic parameters consists of 6400 panels, and
it is resolved for 400 frequencies, log-spaced be-
tween 0.10 rad/s and 40.0 rad/s. SPH is ini-
tialized with a cartesian lattice evenly spaced
at ∆p of D/20, yielding a total of 12M particles
for fluid and boundary particles.

2.1 Analysis
The models validated above are utilized to resolve the dynamics of the sphere under monochromatic
waves of period T=0.75 s and wave height H=0.05 m; this frequency is chosen very close to the
resonance frequency of the system (Te=0.76 s). For the linear potential flow method (here labeled
“BEM”), the excitation force (Fe) is determined as a sinusoidal function, whereas in the SPH based
model, monochromatic waves are generated using a wavemaker. Thus, the output of the two models
constitutes the starting point to analyze the decomposition of the total fluid forces as measured. The
outputs of the regression analysis are reported in Table 1, whereas the system dynamics recovered
from the integration of the system for the three cases is shown in Figure 2.

Table 1: Force sensitivity coefficients from regression Fbb ≈ F̄ + αz̈ + βż + γz.

BEM SPH
Case Fbb α [kg] β [Ns/m] γ [N/m] α [kg] β [Ns/m] γ [N/m]

1 Ftot 7.06 0.00 0.0 7.06 0.00 0.0
2 Ftot − Czref 7.06 0.00 692.2 7.06 0.00 692.2
3 Ftot − Czref −A∞z̈ref 10.56 -0.04 692.5 7.85 0.12 503.3

For Case 1, the regression of the total force yields β ≈ 0 and γ ≈ 0 for both BEM and SPH,
with only the mass term coefficient α = 7.06 kg being fully compliant with the inertial mass. This
result is expected: as the reference motion was generated by integrating these same forces, the
damping and stiffness contributions are inherently balanced, leaving no net sensitivity to velocity or
displacement. To reconstruct this motion, the ODE solver requires no explicit damping or stiffness,
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Figure 2: Heave motion evolution for the BEM (left) and SPH (right) as reconstructed for a sphere
subject to monochromatic waves of period T=0.75 s and wave height H=0.05 m.

resulting in a neutrally stable system that can drift under perturbations. This is evidenced by
the integration output in Figure 2, where the two models present some drift. For the SPH, this
instability is exacerbated by an intrinsic spatial discretization error between boundary and fluid.

When the hydrostatic restoring force is taken out in Case 2, it reveals γ = 692.2 N/m for both
methods (corresponding to the modeled one), indicating that the remaining force has a positive
correlation with displacement. Rather than implying instability per se, this indicates that the
ODE solver needs to include a stiffness value to compensate for the removed component. With
this stiffness in place, the system gives good accuracy for both, with SPH suffering from some
inaccuracies. However, extra damping can benefit both stability and accuracy. Removing the
infinite-frequency added mass for Case 3, it exposes differences between BEM and SPH output
models. BEM yields a small stabilizing contribution with perfect agreement for total mass and
stiffness, while SPH shows a destabilizing tendency, and modified physical mass coefficients and
stiffness. This is reflected by inaccuracies in the time series in Figure 2.

3 OUTLOOK
For the final presentation of this work, we intend to show an application of this method to the
selection of hydrodynamic components for floating structure simulations, and present a prelimi-
nary overview of the envisioned hybrid solver comprising a feed-forward neural network for force
prediction. Concluding, an application for a floating offshore wind platform will be presented.
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