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HIGHLIGHTS
1. We introduce the Variable Wavenumber Approximation (VWA), an FFT-based framework for

computing superharmonic bound waves, providing both η(nn) and the free-surface potential ϕ
(nn)
s

to arbitrary order.
2. For second-order superharmonics, VWA matches established interaction theory in deep-water

unidirectional waves and is further validated against fully nonlinear potential-flow simulations
across bandwidth and depth.

3. The formulation extends naturally to higher-order harmonics and directionally spread wave
groups, while delivering orders-of-magnitude reductions in runtime (typically thousands-fold
speedup relative to exact interaction evaluation).

1. INTRODUCTION
Ocean-wave dynamics may be decomposed into dispersive free waves and nonlinear bound waves
that are slaved to the free waves. This work focuses on second-order superharmonic bound waves
and presents a fast, robust procedure—the Variable Wavenumber Approximation (VWA)—to com-
pute both the free-surface elevation and, importantly, the surface velocity potential.

Bound harmonics are important for wave generation and simulation initialisation [1] and in-
fluence crest statistics and related engineering measures [2]. Although classical second-order in-
teraction theories exist for deep and finite depth [3, 4], their direct evaluation can be computa-
tionally expensive for repeated use across many sea states and bandwidths, particularly when the
free-surface potential is required in addition to surface elevation. Here, we benchmark the VWA
against established second-order theory, and quantify performance across bandwidth and water
depth using consistent error/similarity measures. The same framework is readily extendable to
higher harmonics and directional wave groups where the speed of our proposed approach enables
estimates for the bound harmonics to be made which would not otherwise be feasible.

2 METHOD
We focus on the second-order superharmonic bound contributions to the free-surface elevation

η(22) and the free-surface velocity potential ϕ
(22)
s . We first state the benchmark second-order

interaction-theory kernels and their self/mutual decomposition, then show the deep-water uni-
directional simplifications (flat kernels), and finally introduce the Variable Wavenumber Approx-
imation (VWA). VWA reformulates the O(N2) pairwise interaction evaluation into products of
FFT-evaluable signals; in practical implementations this reduces the cost to O(N logN) and typ-
ically delivers speedups of several orders of magnitude (often thousands-fold) relative to direct
exact-theory evaluation.

2.1 Exact second-order interaction theory in deep water unidirectional wave (bench-
mark)
To expose the kernel structure, consider two monochromatic components with amplitudes A1, A2,
wavenumbers k1, k2, frequencies ωj =

√
g|kj |, propagation directions β1, β2, and phases θj =

kjx− ωjt. The second-order superharmonic contributions can be written as [4, 1]
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The first two terms in each expression are self-interactions (k1 = k2), while the third term is the

mutual interaction (k1 ̸= k2) governed by the kernels G∞ and µ∞ for η(22) and ϕ
(22)
s , respectively.

For a general polychromatic wave field, the second-order forcing is bilinear in the linear components;
hence the full superharmonic response is obtained by linear superposition over all component pairs,
which leads to the familiar double-integral (or double-sum) representation with O(N2) cost.

2.2 Free-surface velocity potential vs. Stokes harmonics
We define the free-surface velocity potential as ϕs(x, t) = ϕ(x, η(x, t), t), i.e. the velocity potential
evaluated at the free surface. A Taylor expansion about z = 0 gives ϕs = ϕ|z=0 + η ∂zϕ|z=0 + · · · ,
so that

ϕ(22)
s =

(
ϕ(22) + η(11)∂zϕ

(11)
)(22)∣∣∣

z=0
. (3)

This is distinct from the traditional Stokes-wave velocity potential for superharmonics ϕ(nn): even
when a velocity potential vanishes at the surface in deep-water unidirectional waves, the surface-

evaluation term
(
η(11)∂zϕ

(11)
)(22)

can still generate a nonzero ϕ
(22)
s .

2.3 Deep-water unidirectional simplification (flat kernels)
G∞, µ∞ are two-dimensional for deep water wave in general, but for the unidirectional wave where
(β1 = β2), it becomes a one-dimensional flat function of k1 + k2

G∞(k1, k2) =
k1 + k2

2
. (4)

In the same limit, the mutual-interaction kernel for the free-surface potential reduces to the flat
sum-frequency form [1]

µ∞(k1, k2) = −ω1 + ω2

2
. (5)

This emphasis on output-mode dependence and (approximate) flatness of transfer functions in
directions orthogonal to the leading diagonal is closely related to the kernel-structure arguments
discussed by [5].

2.4 VWA evaluation (FFT-evaluable reformulation)
VWA exploits the flat-kernel structure in equations (4) and (5) by replacing explicit pairwise sum-
mation with products of filtered analytic signals. Define the analytic signal of the linear elevation

η∗(11)(x, t) =

∫ ∞

0
A(k1) e

i(k1x−ω1t) dk1, (6)

and the weighted signal

(GVWA
2n η∗(11))(x, t) =

∫ ∞

0
GVWA

2n (k2) A(k2) e
i(k2x−ω2t) dk2, (7)

with GVWA
2n = 1/2kn in deep water. The VWA superharmonic elevation is then

η
(22)
VWA(x, t) = ℜ

{
η∗(11)(x, t) (GVWA

2n η∗(11))(x, t)
}
. (8)

Expanding equation (8) yields a symmetric double integral; by symmetry the one-sided weight k2
can be replaced by (k1+k2)/2 without changing the integral value, recovering exactly the flat kernel
equation (4). Thus, in unidirectional deep water, VWA is an exact reformulation of the benchmark
superharmonic elevation with O(N logN) FFT evaluation.

For the free-surface potential, we use the same construction with a frequency-weighted filter

(µVWA
2n ϕ∗(11))(x, t) =

∫ ∞

0
µVWA
2n (k2) A(k2) e

i(k2x−ω2t) dk2, (9)

and compute

ϕ
(22)
s,VWA(x, t) = ℜ

{
η∗(11)(x, t) (µVWA

2n ϕ∗(11))(x, t)
}
. (10)



In deep-water unidirectional waves µVWA
2n = −ωn/2, so the same symmetry argument yields the

exact mutual-interaction kernel equation (5).

2.5 Finite-depth extension
We briefly set out the extension to finite depth. The exact second-order kernels are no longer
flat, so VWA is not expected to remain exact. We retain the same convolution structure but use

depth-dependent Stokes-type coefficients[1, 6]: for η(22), GVWA
2n (k, d) =

3− tanh2(kd)

4 tanh3(kd)
; for ϕ

(22)
s ,

µVWA
2n (k, d) = −ω

2
− 3ω

8

cosh(2kd)

sinh4(kd)
. Unlike deep water, ϕ(22)|z=0 does not generally vanish in

finite depth and is therefore retained in the finite-depth formulation. Accuracy is assessed against
established finite-depth second-order kernels across bandwidth and depth as in figure 1.

3 RESULT
Long-crested focused wave groups are generated from the semi-Gaussian spectrum following [7].
Bandwidth is controlled by α via S(2kp)/S(kp) = 10−α, so larger α corresponds to a narrower
spectrum (e.g. α = 8 narrow-band, α = 1 broad-band).

Figure 1: Ratio of kernel functions for second-order surface elevation Gn+m and surface velocity potential µn+m across different wavenumber
ratios and water depth. Here, the superscript exact theory refers to the second order theory in [1].

Figure 1 compares VWA and exact-theory mutual-interaction kernels for η(22) and ϕ
(22)
s . The

ratios converge to unity in deep water and as k2/k1 → 1, while finite depth and larger component
separation introduce increasing deviations, more pronounced for the potential kernel. Consistent
with this trend, the representative waveforms in Figure 2 show near-indistinguishable agreement
in deep water (kpd = 5, α = 8) and the largest discrepancies in the finite-depth broad-band case

(kpd = 1, α = 1), especially for ϕ
(22)
s .

Figure 2: Second-order superharmonic bound-wave fields for unidirectional focused wave groups: (a,b) free-surface elevation η(22) and (c,d) free-

surface velocity potential ϕ
(22)
s , compared between VWA and the benchmark second-order interaction theory (‘Exact’), with additional models

(NLS and Walker et al: narrow-band envelope-based reconstructions; Creamer: a deep-water nonlinear mapping for superharmonic [8, 9, 10]).

shown where available. Surface elevation results are normalized by A2kp, and surface velocity potential results by A2kpg/ωp, and are plotted
versus x/λp. The deep-water, narrow-band case (kpd = 5, α = 8; best case) is shown in (a,c), and the finite-depth, broad-band case (kpd = 1,
α = 1; worst case) in (b,d). Insets in (a,b) zoom the crest region and a representative side-lobe interval to highlight local discrepancies among the
models.



To quantify bandwidth dependence, Figure 3 plots the surface-similarity parameter Q versus
α, defined by

Q(f) =

(∫
(f − fref)

2 dx∫
f2
ref dx

)1/2

,

with the exact second-order interaction theory as reference (fref). Smaller Q means better agree-
ment. VWA yields consistently low Q in deep water across all α, whereas in finite depth Q increases

as the spectrum broadens (smaller α), with a stronger degradation for ϕ
(22)
s than for η(22).

Figure 3: Bandwidth dependence of the surface-similarity parameter Q for second-order superharmonic bound fields in unidirectional focused wave

groups. Panels (a,b) show Q(η(22)) for the surface elevation and panels (c,d) show Q(ϕ
(22)
s ) for the surface velocity potential, with the benchmark

second-order interaction theory in[1] taken as reference. Results are plotted versus bandwidth parameter α for deep water (kpd = 5; panels a,c)
and finite depth (kpd = 1; panels b,d). The starred markers indicate the representative cases shown in the corresponding waveform comparisons
in figure 2.

4 CONCLUSIONS

We present the Variable Wavenumber Approximation (VWA) as a fast and robust framework

for computing second-order superharmonic bound waves to both the surface elevation η(22) and the

surface velocity potential ϕ
(22)
s . For unidirectional deep-water wave groups, VWA is algebraically

equivalent to the classical second-order interaction theory (flat-kernel limit) while replacing explicit
pairwise interactions with an FFT-evaluable convolution form, delivering orders-of-magnitude run-
time reductions and enabling rapid parameter sweeps.

Although the results shown here focus on second-order unidirectional cases, the VWA formula-
tion itself extends directly to higher-order superharmonics (demonstrated up to fifth order in our
broader study) and to directionally spread wave groups. Over bandwidth and depth variations,
VWA remains highly accurate in deep water and exhibits increasing deviations in finite depth
as the spectrum broadens. Overall, VWA provides a practical, computationally efficient route to
reconstructing superharmonic bound wave in realistic wave-group applications.
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