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1 INTRODUCTION  
The marginal ice zone (MIZ) is the transitional zone between open sea and expansive floating ice 
plane, and one of such cases is characterised by a large number of discrete floating ice sheets [1]. 
These ice sheets engage in complex interaction with waves, which can significantly influence the 
dynamic evolution of the icy water environment. To understand such interactions, a series of 
studies have been conducted in the past decades. For example, a semi-analytical procedure is 
proposed for wave scattering by multiple circular ice floes [2], and an approximation method is 
used for circular ice floes in random distribution [3]. Here, we shall consider the problem of wave 
interaction with multiple floating ice sheets of arbitrary shapes, based on a hybrid approach that 
combines the eigenfunction expansion with the boundary element method (BEM). A key challenge 
arises when dealing with a large number of ice sheets, as the direct computation becomes highly 
time-consuming. To overcome this difficulty, a wide-space approximation is adopted, where each 
ice sheet is treated individually, and only the effect of its traveling wave on other ice sheets is 
considered, which improves the computational efficiency drastically. 
 
2 MATHEMATICAL MODELLING AND SOLUTION PROCEDURE 
The problem of wave interaction with 𝑁ூ  floating ice sheets of arbitrary shapes is sketched in 
Figure 1. The 𝑖-th ice sheet, 𝑖 ൌ 1~𝑁ூ,   is assumed to have homogeneous physical properties, with 
density 𝜌௜  and thickness ℎ௜ . To describe the problem, a Cartesian coordinate system 𝑂-𝑥𝑦𝑧 is 
established with the origin located at the mean water surface, the 𝑥-axis and 𝑦-axis are along the 
transverse plane, and the 𝑧-axis points upward.  

 
Figure 1: Sketch of wave interaction with a large number of floating ice sheets  

The fluid of mean water depth 𝐻  and density 𝜌 is assumed to be homogeneous, inviscid and 
incompressible, and its motion is irrotational. Hence, the fluid flow can be described by the 
velocity potential 𝛷 . For small amplitude waves, linearization is further introduced. For a 
sinusoidal wave in time with frequency 𝜔, 𝛷 can be written as  

Φሺ𝑥,𝑦, 𝑧, 𝑡ሻ ൌ Re൛𝜙ሺ𝑥,𝑦, 𝑧ሻ ൈ 𝑒ି୧ఠ௧ൟ,    (1) 



where 𝜙ሺ𝑥,𝑦, 𝑧ሻ is due to the incident and diffracted waves. 𝜙  satisfies the Laplace equation 
throughout the fluid domain  

∇ଶ𝜙 ൅
డమథ

డ௭మ
ൌ 0, െ∞ ൏ 𝑥, 𝑦 ൏ ൅∞, െ𝐻 ൑ 𝑧 ൑ 0,   (2) 

where ∇ଶ denotes the two-dimensional Laplacian in the 𝑂-𝑥𝑦 plane. All the ice sheets are assumed 
to float on the water surface with the draught effect neglected. The boundary conditions on the 
lower surface of the ice sheet 𝑆௜ (𝑖 ൌ 1~𝑁ூ) are imposed at 𝑧 ൌ 0 

ሺ𝐿௜∇ସ െ 𝑚௜𝜔ଶ ൅ 𝜌𝑔ሻ
డథ

డ௭
െ 𝜌𝜔ଶ𝜙 ൌ 0,  ሺ𝑥, 𝑦ሻ ∈ 𝑆௜ (𝑖 ൌ 1~𝑁ூ), (3) 

where 𝐿௜ ൌ 𝐸௜ℎ௜
ଷ/ሾ12ሺ1 െ 𝜈௜

ଶሻሿ, 𝐸௜  and 𝜈௜  represent the flexural rigidity, Young’s modulus and 
Poisson’s ratio of the 𝑖-th ice sheet respectively, 𝑚௜ ൌ 𝜌௜ℎ௜ denotes the mass per unit area of the 
ice sheet, and 𝑔  represents the acceleration due to gravity. In the free surface, the combined 
dynamic and kinematic boundary conditions provide  

𝑔 డథ

డ௭
െ 𝜔ଶ𝜙 ൌ 0,   𝑧 ൌ 0, ሺ𝑥,𝑦ሻ ∉ 𝑆௜ (𝑖 ൌ 1~𝑁ூ).   (4) 

The impermeable boundary condition on the flat seabed can be expressed as  
𝜕𝜙/𝜕𝑧 ൌ 0,  𝑧 ൌ െ𝐻.     (5) 

At the far-field, the radiation condition must be imposed to ensure waves propagating outward. 
Besides, the edge of each ice sheet is assumed to be free to move, which requires the zero-bending 
moment and shear force conditions to be imposed, or [4] 

ℬ ቀ
డథ

డ௭
ቁ ൌ 0 and 𝒮 ቀ

డథ

డ௭
ቁ ൌ 0, ሺ𝑥,𝑦ሻ ∈ Γ௜ (𝑖 ൌ 1~𝑁ூ),   (6) 

where Γ௜ ൌ ൫𝑥ሺ𝑠ሻ,𝑦ሺ𝑠ሻ൯ represents the edge of 𝑆௜, and 𝑠 is the curvilinear coordinate along the 
edge. The operators ℬ and 𝒮 are defined as  
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డ௦
ቁ.  (7a, b) 

with 𝜈௜
ᇱ ൌ 1 െ 𝜈௜ , 𝒏 ൌ ሺcosΘ , sinΘሻ  and 𝒔 ൌ ሺെ sinΘ , cosΘሻ  denote the unit normal and 

tangential vectors of Γ௜ respectively.  
To solve the boundary value problem above, we may define 𝜙௜ as the velocity potential of the fluid 
motion beneath the 𝑖-th ice sheet. 𝜙௜ can be constructed from the boundary integral equation [5] 

Λଵሺ𝑷ሻ𝜙௜ሺ𝑷ሻ ൌ ׬ ቂ〈𝜙௜ሺ𝑸ሻ,
డீ೔ሺ𝑷,𝑸ሻ

డ௡
〉 െ 〈𝐺௜ሺ𝑷,𝑸ሻ,

డథ೔ሺ𝑸ሻ

డ௡
〉ቃ

 
୻೔

d𝑠, 𝑖 ൌ 1~𝑁ூ (8) 

where 𝑷ሺ𝑥, 𝑦, 𝑧ሻ and 𝑸ሺ𝜉, 𝜂, 𝜁ሻ represent the field and source points respectively, Λଵ is the solid 
angle at 𝑷. 𝐺௜ is the Green function for the fluid fully covered by the 𝑖-th ice sheet. Following the 

procedure in Li et al. [6], in the interface 𝑆௖
ሺ௜ሻ , 𝜙௜  and 𝜕𝜙௜/𝜕𝑛  on 𝑆௖

ሺ௜ሻ  can be expanded into 
eigenfunction series as,  

𝜙௜ሺ𝑷ሻ ൌ ∑ 𝜑௠
ሺ௜ሻሺ𝑥,𝑦ሻ𝜓௠

ሺ௜ሻሺ𝑧ሻାஶ
௠ୀିଶ  and 

డథ೔ሺ𝑷ሻ

డ௡
ൌ ∑ డఝ೘

ሺ೔ሻሺ௫,௬ሻ

డ௡
𝜓௠
ሺ௜ሻሺ𝑧ሻାஶ

௠ୀିଶ , (9a, b) 

where  𝜓௠
ሺ௜ሻ ሺ𝑧ሻ ൌ coshቂ𝜅௠

ሺ௜ሻሺ𝑧 ൅ 𝐻ሻቃ / coshቀ𝜅௠
ሺ௜ሻ𝐻ቁ, 𝜅௠

ሺ௜ሻ are the roots of the dispersion equation 

𝐾௜ሺ𝛼,𝜔ሻ ൌ ሺ𝐿௜𝛼ସ െ 𝑚௜𝜔ଶ ൅ 𝜌𝑔ሻ𝛼 tanhሺ𝛼𝐻ሻ െ 𝜌𝜔ଶ ൌ 0. Particularly, 𝜅଴
ሺ௜ሻ  is a purely positive 

real root, 𝜅ିଵ
ሺ௜ሻ and 𝜅ିଶ

ሺ௜ሻ are two complex roots with negative imaginary parts, with 𝜅ିଵ
ሺ௜ሻ ൌ െ𝜅̅ିଶ

ሺ௜ሻ. 

𝜅௠
ሺ௜ሻ (𝑚 ൌ 1, 2…) are an infinite number of purely negative imaginary roots. Substituting Eqs. (9a, 

b) into Eq. (8), we obtain  

Λଵሺ𝑷ሻ𝜙௜ሺ𝑷ሻ ൌ 𝜋i∑ 𝜓௠
ሺ௜ሻሺ𝑧ሻ ׬ ቈ𝜑௠

ሺ௜ሻሺ𝜉, 𝜂ሻ
డℋబ

ሺమሻቀ఑೘
ሺ೔ሻோቁ

డ௡
െ

డఝ೘
ሺ೔ሻሺక,ఎሻ

డே
ℋ଴

ሺଶሻቀ𝜅௠
ሺ௜ሻ𝑅ቁ቉d𝑠

 
୻೔

ାஶ
௠ୀିଶ , (10)  

where 𝑅 ൌ ඥሺ𝑥 െ 𝜉ሻଶ ൅ ሺ𝑦 െ 𝜂ሻଶ, ℋ଴
ሺଶሻሺ𝛼ሻ denotes the 0-th order Hankel function of the second 

kind.  



We may write the velocity potential in the free surface region as 𝜙 ൌ 𝜙ூ ൅ 𝜙஽ , where the 
subscripts 𝐼  and 𝐷  denote the incident and diffracted components respectively. 𝜙஽  is also 
constructed using the boundary integral equation method, which provides  

Λଶሺ𝑷ሻ𝜙஽ሺ𝑷ሻ ൌ 𝜋i∑ ∑ 𝑍௠ሺ𝑧ሻ ׬ ൤𝜙௠
ሺ௜ሻሺ𝜉, 𝜂ሻ

డℋబ
ሺమሻሺ௞೘ோሻ

డ௡
െ

డథ೘
ሺ೔ሻሺక,ఎሻ

డே
ℋ଴

ሺଶሻሺ𝑘௠𝑅ሻ൨d𝑠
 
୻೔

ାஶ
௠ୀ଴

ே಺
௜ୀଵ , (11) 

where 𝑍௠ሺ𝑧ሻ ൌ coshሾ𝑘௠ሺ𝑧 ൅ 𝐻ሻሿ / coshሺ𝑘௠𝐻ሻ, 𝜙௠
ሺ௜ሻand 𝜕𝜙௠

ሺ௜ሻ/𝜕𝑛 are the functions in Eq.(9), 
𝑘௠ are the roots of the dispersion equation 𝐾௪ሺ𝛼,𝜔ሻ ൌ 𝑔𝛼 tanhሺ𝛼𝐻ሻ െ 𝜔ଶ ൌ 0. 𝑘଴ is a purely 
positive real root, 𝑘௠ (𝑚 ൌ 1, 2…) are an infinite number of purely negative imaginary roots. For 
incoming wave along the 𝑥 direction,  𝜙ூ can be written as  

𝜙ூሺ𝑷ሻ ൌ 𝐼𝑍଴ሺ𝑧ሻ𝑒୧௞బ௫.     (12) 
where 𝐼 ൌ 𝐴𝑔/i𝜔, 𝐴 is the amplitude of the wave. To solve the problem, we may let the field point 

𝑷  in Eqs. (10) and (11) be located on 𝑆௖
ሺ௜ሻ . Multiplying both sides with 𝜓௠

ሺ௜ሻሺ𝑧ሻ  and 𝑍௠ሺ𝑧ሻ 
separately, and using the orthogonal properties, we have  

ஃభሺ𝑷ሻ

గ୧
𝜑௠
ሺ௜ሻሺ𝑥,𝑦ሻ െ ׬ ቈ𝜑௠

ሺ௜ሻሺ𝜉, 𝜂ሻ
డℋబ

ሺమሻቀ఑೘
ሺ೔ሻோቁ

డ௡
െ డఝ೘

ሺ೔ሻሺక,ఎሻ

డே
ℋ଴

ሺଶሻቀ𝜅௠
ሺ௜ሻ𝑅ቁ቉d𝑠

 
୻೔

ൌ 0,  (13) 

ஃమሺ𝑷ሻ

గ୧
𝜙௠
ሺ௜ሻሺ𝑥,𝑦ሻ െ ∑ ׬ ൤𝜙௠

ሺ௝ሻሺ𝜉, 𝜂ሻ
డℋబ

ሺమሻሺ௞೘ோሻ

డ௡
െ

డథ೘
ሺೕሻሺక,ఎሻ

డே
ℋ଴

ሺଶሻሺ𝑘௠𝑅ሻ൨d𝑠
 
୻೔

ே಺
௝ୀଵ ൌ 0. (14) 

The remaining equations can be obtained by matching the velocity potential and normal velocity 

at each vertical control surface 𝑆௖
ሺ௜ሻ, and the edge conditions at the ice sheet. This can be imposed 

by using the orthogonal product of 𝜓௠
ሺ௜ሻሺ𝑧ሻ, which provides  

𝑄௠
ሺ௜ሻ𝜑௠

ሺ௜ሻሺ𝑥,𝑦ሻ െ ∑ 𝐸௠,௠ᇲ𝜙௠ᇲ
ሺ௜ሻሺ𝑥, 𝑦ሻାஶ

௠ᇲୀ଴ െ ∑ 𝑓௠,௠ᇲ
௉ 𝜑௠ᇲ

ሺ௜ሻሺ𝑥,𝑦ሻାஶ
௠ᇲୀିଶ ൌ 𝐼𝐸௠,଴𝑒୧௞బ௫,  (15) 

𝑄௠
ሺ௜ሻ డఝ೘

ሺ೔ሻሺ௫,௬ሻ

డ௡
െ ∑ 𝐸௠,௠ᇲ

డథ
೘ᇲ
ሺ೔ሻ ሺ௫,௬ሻ

డ௡
ାஶ
௠ᇲୀ଴ െ ∑ 𝑓௠,௠ᇲ

௏ 𝜑௠
ሺ௜ሻሺ𝑥, 𝑦ሻାஶ

௠ᇲୀିଶ ൌ 𝐼𝐸௠,଴
డ௘౟ೖబೣ

డ௡
.  (16) 

where 𝑄௠
ሺ௜ሻ, 𝐸௠,௠ᇲ are known coefficients and 𝑓௠,௠ᇲ

௉  and 𝑓௠,௠ᇲ
௏  are known operators [6].  

We may divide the ice edge Γ௜ (𝑖 ൌ 1~𝑁ூ) into a sufficient number of straight-line segments. For 

each segment, 𝜑௠
ሺ௜ሻ, 𝜕𝜑௠

ሺ௜ሻ/𝜕𝑛, 𝜙௠
ሺ௜ሻ and 𝜕𝜙௠

ሺ௜ሻ/𝜕𝑛 are assumed to be constant and are taken as the 
values at the centre of the segment. In such a case, Eqs. (13) ~ (16) can be solved numerically 
using the panel method.  
For cases with a large number of floating ice sheets, the direct solution from Eqs. (13) ~ (16) 
becomes very inefficient or impractical. To overcome this, a wide-space approximation is 
proposed here. We note that the mode 𝑚 ൌ 0 in the eigenfunction expansion corresponds to the 
traveling wave, while terms of 𝑚 ് 0 represent evanescent waves, which decay exponentially. 
Therefore, in Eq. (14), when the source point 𝑸 is located on the other ice sheets, or 𝑗 ് 𝑖, only the 
𝑚 ൌ 0 mode, or the first few terms, are retained. These terms are then moved to the right-hand 
side of the equations. The solution for each ice sheet is first obtained on its own. Then the travelling 
wave term or the first few terms is put on the right-hand side and the equation for each ice sheet is 
resolved and the solution is corrected. The computational time is drastically reduced.  

3 RESULTS AND ANALYSIS 
The following physical parameters are used in the computation: 𝜌 ൌ 1025 kg/mଷ , 𝜌௜ ൌ
922.5 kg/mଷ, 𝐸௜ ൌ 5 GPa, 𝜈௜ ൌ 0.3 and 𝐻 ൌ 50 m. A case study for 4 identical floating circular 
ice floes with radius 𝑎 ൌ 10 m  is conducted. The centres of the floes are located at 𝑥௜ ൌ
16ሺ𝑖 െ 1ሻ𝑎 and 𝑦௜ ൌ 0 (𝑖 ൌ 1~4). The force and moment on the first and fourth ice floes are given 



in Figures 2 and 3. A good agreement is found between the results from the exact numerical 
solution and the wide-space approximation.  

 
Figure 2: Force (a) and moment (b) on the 1st circular ice sheet (𝐻/𝑎 ൌ 5, ℎ௜/𝑎 ൌ 0.05). 

 
Figure 3: Force (a) and moment (b) on the 4th circular ice sheet (𝐻/𝑎 ൌ 5, ℎ௜/𝑎 ൌ 0.05). 

 
4 CONCLUSIONS 
The interaction of waves and multiple floating ice sheets of arbitrary shapes are studied based on 
a hybrid method, combining vertical mode expansion and BEM. A wide-space approximation 
procedure is also proposed to improve the computational efficiency. Results for arbitrary shapes 
and a very large number of ice sheets will be presented in the workshop.   
 
REFERENCES  

[1] Dumont, D., 2022. Marginal ice zone dynamics: history, definitions, and research perspectives. Philos. Trans. R. 
Soc. A, 380 (2235), 20210253. 

[2] Bennetts, L. G. & Squire, V., 2009. Wave scattering by multiple rows of circular ice floes. J. Fluid Mech., 639, 
213-238. 

[3] Montiel, F., Meylan, M. H. & Hawkins, S. C., 2024. Scattering kernel of an array of floating ice floes: application 
to water wave transport in the marginal ice zone. Proc. R. Soc. A., 480(2282), 20230633. 

[4] Timoshenko, S. P. & Woinowsky, K. S., 1959. Theory of Plates and Shells. McGraw-Hill. 
[5] Yang, Y. F., Wu, G. X. & Ren, K., 2024. Hydroelastic wave interaction with a circular crack of an ice-cover in a 

channel. J. Fluids Struct, 130, 104173. 
[6] Li, Z. F., Shi, Y. Y. & Wu, G. X., 2020. A hybrid method for linearized wave radiation and diffraction problem 

by a three-dimensional floating structure in a polynya. J. Comput. Phys., 412, 109445. 


