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1 Introduction

Any high-order hydrodynamic solver requires a high-order surface integration scheme to com-
pute the forces and moments on the hull. This work is motivated by our experience with the
native surface integration scheme from the Overture library [3], upon which our seakeeping
and added resistance solver OceanWave3D-Seakeeping [1] is built. Within this framework, the
geometry is described by a collection of boundary-fitted, overlapping grids and the numerical
solution is obtained using fourth-order accurate finite difference schemes. Nevertheless, surface
integrals using the built-in library functions show relatively large errors unless the body geome-
try is very simple. In this abstract, we present two high-order methods for performing accurate
surface integration on a scattered point set representing the body surface geometry. Although
the primary motivation is to improve the integration methods within OceanWave3D-Seakeeping
and Overture, the methods can be applied to any solver where the solution can be provided at
a scattered collection of points on the body surface.

2 Surface integration on a scattered point set

(a) The physical grid (not to scale). (b) The u− v parameter space grid.

Figure 1: An example grid over a Wigley hull.

We assume that the body surface S is represented by the paramatrized physical coordinates
x = [x(u, v), y(u, v), z(u, v)], where the u−v parameter-space is the unit square R. The integral
of the function f(x) over the surface is given by

I =

∫
S
f(x) dS =

∫
R
f(u, v) |xu × xv| dA, (1)

where xu indicates the derivative of the coordinate vector with respect to u (similarly for v),
and dA is the element of area in the u, v parameter space. A visualization using the Wigley
hull is shown in Fig. 1 with the mapping u = x/L, v = −1− z/D where L and D are the ship
length and draft respectively. After mapping the discrete physical points to the u − v plane,
Delauney triangulation is used to generate a grid of triangles, as indicated in the figure. The



first fundamental form [2] of the surface S can be written

E = xu · xu, F = xu · xv, G = xv · xv, (2)

H =
√
EG− F 2 = |xu × xv|, n =

xu × xv
H

,

where n is the unit normal vector to the surface. The integral I in Eq. (1) is now given by

I =

Nel∑
k=1

Ik, Ik =

∫
Rk

g(u, v)du dv, (3)

where g = f H, Nel is the total number of triangles and Rk is the kth triangle surface. Next, we
map each triangle to the standard triangle with vertices at (ξ, η) = [(0, 0), (1, 0), (0, 1)] using

u = u1 + ξ∆u1 + η∆u2 (4)

v = v1 + ξ∆v1 + η∆v2,

∆u1 = u2 − u1, ∆u2 = u3 − u1, ∆v1 = v2 − v1, ∆v2 = v3 − v1,

where [ui, vi], i = 1, 2, 3 are the coordinates of the three vertices on triangle k. The Jacobian of
this transformation gives the triangle area, Ak = ∆u1∆v2 −∆u2∆v1. Finally, we can write the
integral over the kth triangle in Eq. (3) as

Ik = Ak

∫ 1

0

∫ 1−ξ

0
g(u, v) dη dξ. (5)

2.1 Gaussian quadrature

Having mapped the triangle to the standard triangle, we can apply standard Gaussian quadra-
ture schemes to approximate the integral in Eq. (5) by

Ik ≈ Ak
Ng∑
j=1

wj g(ξj , ηj), (6)

where Ng is the number of Gauss points, wj are the weights, and (ξj , ηj) are the Gauss point
coordinates. Here we apply the 4th-order, 7-point scheme from [4]. To evaluate the function
g(u, v) at the Gauss point locations, we apply an order p Weighted Least Squares (WLS) scheme
using (p + 3)2 nearest neighbors and a Gaussian distance weighting. WLS is a generalization
of the finite difference method which can be applied to a scattered point set, see for example
[5] for a detailed description. The WLS scheme also provides an order p approximation for
the first-derivatives required to evaluate the element of area and the normal vector in Eq. (2).
Adopting a pseudo-code notation, we express the vector of function values at each of the N
points on the grid as ĝ(1 : N, 1), and the WLS interpolation vector for Gauss point j on element

k is denoted D
(0,0)
jk (1, 1 : N). Now the integral approximation is given by

I =

Nel∑
k=1

Ak

Ng∑
j=1

wj D
(0,0)
jk (1, 1 : N)

 ĝ(1 : N, 1)

= Î(1, 1 : N) ∗ ĝ(1 : N, 1), (7)

where the ∗ represents a discrete vector dot product and the accumulated sum in the brackets
results in an integration vector which can be built once for a particular grid and subsequently
used to efficiently calculate the integral of any function over the body surface.



2.2 Taylor integration

An alternative to Gaussian quadrature is what we call Taylor integration. The idea here is to
take the Taylor series expansion (truncated to order p) of g(u, v), about the first vertex of the
triangle (u1, v1), and insert it into Eq. (5), which gives

Ik = Ak

p∑
m=0

p∑
n=0

g
(m,n)
k

∫ 1

0

∫ 1−ξ

0

(∆u1ξ + ∆u2η)m(∆v1ξ + ∆v2η)n

m!n!
dη dξ (8)

=

p∑
m=0

p∑
n=0

g
(m,n)
k

(m+ n+ 2)(m+ 1)!n!

[
∆um+1

1 ∆vn+1
1 F2 1

(
[1,m+ n+ 2],m+ 2,

∆u1(∆v2 −∆v1)

Ak

)
−∆um+1

2 ∆vn+1
2 F2 1

(
[1,m+ n+ 2],m+ 2,

∆u2(∆v2 −∆v1)

Ak

)]
,

where g
(m,n)
k is the m,n derivative of g(u, v) with respect to u, v at the expansion vertex (u1, v1)

for element k, (computed from the WLS expansion). F2 1 is the generalized hypergeometric func-
tion which is singular when the third argument is one. This happens when ∆u1 = ∆u2,∆v1 = 0,
or ∆v2 = 0. The first condition can always be avoided by shifting the vertex ordering one step
in a cyclic fashion for triangles where ∆u1 = ∆u2. To avoid the singularities with ∆v1 or ∆v2
equal to zero, accurate results are obtained by setting a (double precision) tolerance of 10−9

times the largest dimension of a triangle, where the argument is set to this value. Alternatively,
the integral on the first line of Eq. (8) can be easily done term-by-term for each value of m
and n up to some practical limit of p. Symbolic manipulation software can be used to write a
series of simple functions for the coefficients, which is much faster to evaluate. As for Gaussian
quadrature, the sums in Eq. (8) can be accumulated into an integration vector which is then
multiplied with the vector of function values to get the integral over the body.

3 Results

(a) The physical grid (not to scale). (b) The u− v parameter space grid.

Figure 2: An example random point set grid over a Wigley hull.

To confirm the accuracy of the presented integration schemes, we compute the surface area
and volume of the unit-length Wigley hull,

Sa =

∫
S
dS = 0.15013441092291333, V =

{
−
∫
S
xini dS, i = 1, 2, 3

}
= 13/4500. (9)

Figs. 3 & 4 show the convergence of the calculations with increasing number of points along
the ship length, nx, with nz ≈ nx/2 vertical points and different orders of WLS interpolation,
p. Here s indicates an estimate of the convergence rate for each curve. Despite the terrible grid
quality, the convergence is reasonably uniform and consistent with order p to p + 1. Perhaps
more importantly, high accuracy is obtained using relatively few grid points.



(a) Convergence of the surface area. (b) Convergence of the Volume.

Figure 3: Convergence of the Gaussian quadrature method on a random point set.

(a) Convergence of the surface area. (b) Convergence of the Volume.

Figure 4: Convergence of the Taylor integration method on a random point set.

4 Conclusions

Two high-order methods for numerical surface integration on a scattered point set are developed
and shown to provide highly accurate results. The methods can be applied to any hydrodynamic
solver where the solution can be provided on an arbitrary selection of points over the hull surface.
Additional examples using the method for hydrodynamic calculations will be presented at the
Workshop.
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