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1 Highlights

o A Galerkin-type hypersingular integral equation taking the translating and pulsating source function as the
fundamental solution is developed to study the wave radiation problem by a heaving submerged disc.

e The potential jump across the disc is represented by the Fourier-Gegenbauer series which incorporate the
square-root singularity at the edge.

e At the critical frequency, both wave force and the wave amplitude are finite, and planar resonant waves are
generated.

2 Basic equations

Consider a circular disc of a radius L and zero thickness undergoing heaving motion is submerged beneath a free
surface in deep water. It is assumed that the fluid is inviscid and incompressible, and flow is irrotational so that a
velocity potential exists. For the sake of simplicity, all physical variables in the present study are nondimensionalised.
Nondimensional coordinates « = (z,y, 2), time ¢, and velocity potential ® are with respect to L, \/L/g, and +/gL?,
respectively, where g denotes the gravitational acceleration. A 3D coordinate system Oxyz is chosen fixed to the
mean position of the disc, with the Ozy plane coinciding with the undisturbed free surface and Oz axis pointing
positively upward through the centre of the disc. The disc has a non-dimensional submergence d. In addition,
we define nondimensional angular frequency f = w+/L/g, Froude number F = U/\/gL, and their product Brard
number 7 = Ff = Uw/g, where w and U denote dimensional heaving frequency and current velocity, respectively.
The uniform current is along the negative x-direction.

The total velocity potential in the flow field can be decomposed into a steady-flow potential —Fx and an unsteady

radiation potential: _
®(x,t) = —Fx + Re [—ifXg(Z)(az)e_lft] , (1)

where X3 denotes the amplitude of the heaving motion, and ¢ means the corresponding radiation potential. On the
free surface, the linearised free-surface boundary condition in the frequency domain is:
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On the disc surface 2, the normal velocity is prescribed and is determined by the body boundary condition
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where n is the vector normal to the disc surface which is defined positive pointing upward. In the body boundary
(3), there is no contribution from m;-terms in the present problem.
A disc of zero thickness can be represented by a dipole distribution, and then the boundary integral equation is

written as 3G £
(z;
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where = (z,9,2) and € = (£,7,¢) denote the flow-field point and singularity point, respectively. (€) = ¢ —
¢~ means the velocity potential jump across the disc, where + denote the upper and lower surfaces of the disc,
respectively. In addition, G is the translating and pulsating source Green function expressed as:

G=GE+G" with GF=—-RP+ (-0 "2+ R+ (24+0YY? and R=\(z-2+(@y—n)?, (5

where the free-surface term G is written as [1]
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where € is introduced to satisfy the radiation condition in the far field. To determine the potential jump (&), the
body boundary condition (3) is recalled, and a hypersingular integral equation is constructed on the disc surface:

/ / 3nm;n§) s = 6;(:). (7)




To evaluate the translating and pulsating source Green function, we adopt the formulae in [2] which is suited to
integration over a smooth surface. We define the polar coordinates: (x,y) = h(cos~,sin~v) and (£,7) = o(cos ¢, sin ).
By applying the Jacobi-Anger expansion [3], the free-surface term in the Green function is written as [2]:
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In Eq. (8), g¢(k) can be expressed analytically, and elaborate analysis has been presented in [2].
3 Galerkin method for the solution of the integral equation

To accurately resolve the singular behaviours of fluid velocities at the edge, a Galerkin method is applied to solve
the hypersingular boundary integral equation (7). At the edge of the circular disc, the velocity potential jump is zero
whereas the velocity components are singular

P(o,0) =0 and [Vi(o,p)||~(1—0) " at o=1. (9)

To incorporate the null potential jump condition and the square-root singular behaviour of velocity components in
Eq. (9) at the edge of the disc, the velocity jump ¢ is expanded into a Fourier-Gegenbauer series [4]:
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where C?(u) is the Gegenbauer polynomial [3]. The radial base function \I/L”(g) satisfies the following orthogonal
relation [5]:
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Substituting Eq. (10) into the hypersingular integral equation (7) and applying the Galerkin collocation via

integrating a test function h\Ill ‘(h) ~in7 gver the disc area in the sense of [4, 5, 6] gives rise to a linear equation
system [2A] - {1} = {b}. The elements in matrix [2A] are expressed as

le,n;k,l = miyn;l@l + Qlfr;,n;k,lv (12)
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where le,n;k’l and le,n;k,l are written as
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and elements in the vector {b} are written as
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4 Hydrodynamic forces and wave pattern

By solving the linear equation system, the coefficients 1 ; can be determined. Based on the Bernoulli’s equation,
the nondimensional vertical force is
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According to the identity --C /\)( )= 2AC?

o ﬁl)(u), the integral of the advection term in (16) is null, and therefore
the vertical force is s1mphﬁed to

= —ifo, 02\/ﬂ (17)

Based on the integral equation (4) and the dynamic free-surface boundary condition, the free-surface elevation £

is expressed as
3G (z,£) G(z; €)
E=ifo+ F o // { Dne + F D0 ds. (18)




Substituting the Fourier-Gegenbauer series (10) for ¢ and the expansion for the free-surface Green function given by
(8) into expression (19) yields
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5 Ciritical frequency

The wave forces on a circular disc at the critical frequency associated with 7 = Ff = 1/4 are now considered.
Although the Green function at the critical frequency is unbounded, yet Grue & Palm [7] provided strong evidence
that the generated wave amplitude is finite. Then, Liu & Yue [8] made a rigorous proof using a source distribution
to confirm that the hydrodynamic forces are bounded as long as the displaced volume is nonzero. In the present
problem, however, the disc of zero water displacement is represented by a dipole distribution. For this reason, this
study is beyond the scope of application of the study by Liu & Yue [8], and the generalisation of their study is
considered here.

When 7 is approaching 1/4, the wavenumber integral (14) is dominated by the integral over an interval in the
neighourhood of ko = 1/(4F?). By performing the asymptotic analysis to g¢(k), the asymptotic expression of the
Green function is expressed as [9]:

G = 4V 2ikgerolGTOHE= D00 5 + & with 6% = [1 — 47|, (20)

in which the component G is of the order of O(1). Substituting (20) into the integral equation (7) yields
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From (21), the Kochin function is expressed as
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Define the Kochin function as

with I', F and P(&) defined as

r://s e dS(x), F = // 99(@) (- ")dS(x), and P(¢ // Kz aaf;gnf) ds(z). (24)

Equation (23) indicates that the Kochin function is of the order of O(log™'d) as long as the disc is of finite area
(T' # 0). Substituting the Kochin function K in (23) into the integral equation (21) and integrating a function
em0(2=12) gyer the disc surface yields
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n (25), the right-hand side term is of the order of O(1), so is the kernel of of the integral equation. Therefore, it
is inferred that the potential jump ¢ has the same order, i.e.: O(1). Following the similar procedure, the velocity

potential is
eroleie) ¢ 2C:6)
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which indicates that the potential ¢ has an order of O(1). By accounting for the Fourier-Gegenbauer series (10) and
expression (19), the free-surface elevation at 7 = 1/4 is expressed as
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which indicates that the generated waves are also bounded. Moreover, the spatial term exp[ro(—d 4 iz)] means that
a heaving submerged disc generates plane waves along z-axis at the critical frequency 7 = 1/4. The occurrence
planar waves is due to resonance. According to Li & Liu [10], the resonant waves will become evanescent when the
third-order free-surface nonlinearity is accounted for.



6 Results and discussions

Figs. 1 and 2 depict the nondimensional heave added mass and wave-radiation damping coefficients versus the
nondimensional frequency f at a submergence d = 0.5 for Froude numbers F' = 0.2 and F' = 0.5, respectively. The
middle and right-hand side subplots display the variation of added mass and damping coefficients in the vicinity of
the critical frequency 7= 1/4.

At F = 0.2 as in Fig. 1, the variation across the critical frequency is not apparent, and the added mass and
damping coefficients are approaching same values near 7 = 1/4. In contrast, a sharp change in proximity to 7 = 1/4
is witnessed at F' = 0.5 as in Fig. 2. The middle and right subplots of Fig. 2 show that both added mass and
wave-radiation damping drop dramatically when 7 is approaching 1/4. With the vanishing of 7 — 1/4, however, the
variation of hydrodynamic forces becomes mild, and the added mass and wave-radiation damping coefficients tend
to approach same results which is consistent with the conclusion we have drawn.
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Figure 1: Added mass and wave-radiation damping coefficients at F' = 0.2.
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Figure 2: Added mass and wave-radiation damping coefficients at F' = 0.5.
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