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Highlights

* The generation of AGW (Acoustic-gravity waves) due to bottom oscillation of a compressible ocean is
studied based on linearized water wave theory.

* generation of AGW modes due to water compressibilty is shown graphically.

* Fourier transformation method is used to solve the boundary value problem and to obtain a closed form
solution for the velocity potential.

1. Introduction

Acoustic-gravity waves are high—frequency acoustic waves that propagate in the ocean analogous to modes in
a waveguide. They are somewhat mysterious, and while they are well attested to, theoretically they have not
been confirmed to exist experimentally to the best of the authors’ knowledge. They are expected to be gener-
ated when there is a large displacement of the seafloor [1], so they have been proposed as a way to detect a
tsunami. It should be noted that despite their well-attested physical properties they have yet to be measured.
Acoustic gravity waves travel much faster than the surface gravity tsunami waves and, if identified, have been
proposed as a method to produce an early warning for the arrival of a Tsunami. Normal modelling of ocean
waves assumes the water is incompressible, due to the high value of the sound speed in the water. However, if
the scale of the fluid displacement becomes large, then the compression needs to be accounted for. The ocean
water compressibility plays an important role in the generation of Tsunami ([2, 3]). In incompressible water,
the most widely used model for linear water wave mechanics, there are infinitely many evanescent modes that
decay away from the disturbance source and only one propagating mode except for the exceptional cases of
wave blocking when multiple propagating modes exist. However, when the notion of low compressibility is
introduced in the formulation, multiple propagating modes may arise along with the already existing gravity
modes [4]. These newly generated propagating modes are called Acoustic-gravity waves in literature. These
waves have a sinusoidal vertical profile that creates a pressure signature at ocean bottom and causes a micro-
seism [5]. These waves are also responsible for deepwater transport [6] and can interact with ice-sheets [7] and
ice-shelves [8]. This study aims to find a closed-form solution for the velocity potential that includes the AGW
modes generated due to the bottom oscillation of the compressible ocean.

2. Mathematical formulation

We consider free surface gravity wave propagation in an incompressible ocean of finite depth h. The physical
problem is formulated in a two-dimensional Cartesian coordinate system having z- axis pointing upwards and z-
axis horizontal. The ocean bed is characterised as rigid. A wave propagation due to the ocean floor disturbance
is realized both towards towards the positive and negative x- direction (see Fig. 1) under the assumption of
linearised water wave theory. The flow is considered irrotational. There exists velocity potential ¢(x, z,t) =
f(x, z) exp (iwt) which obey the following equations:
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Figure 1: Schematic diagram of the physical problem. The ocean bottom in —b < x < b is oscillating vertically.

where c is the speed of sound in the water, and given by ¢ = /Ky /po (K is the bulk modulus and py is the
undisturbed density of water). The surface condition is given by
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Now we consider a block of the ocean bottom centered at (0, 0) with a flat surface is oscillating vertically with
an unit amplitude and angular frequency w in the following form:

((z,t) = H(b* — 2%)e, 3)

where #(-) represents Heaviside unit step function. Hence the vertical fluid displacement at the ocean bottom
is given by
b = H(b* — %) exp (iwt). 4)

Applying Fourier transformation of the form
o0
F(k,z)= / f(x, z) exp(—ikz)dx, ®)
— 0o
whose inverse Fourier transformation is given by

flz,2) = % /00 F(k, z) exp(ikz)dk, (6)

3. Characteristics of wave motion

Applying the Fourier transformation defined above, solving the transformed equation using the separation of
variables method, and applying the inverse Fourier transform, the velocity potential can be written as

f(z,z) =F(z+b,z) —F(x —b,2). 7

where )
o0 ) 1 “ sinh pz + k cosh uz
F(E, 2) :/ M(k,z)e*dk, and M(k,z) = s——— a s , 8)
—0 271k (“’? cosh ph — psinh uh)

with p? = k% — k2 for Re(u) > 0 where k2 = w?/c? and p satisfies the dispersion relation (obtained from the
singularities of the function M (k, z))

i ptanh ph = 0. )
g
The roots of the above dispersion relation are given by

k=+tko £ko(n=1,2,...N),and £id,(n =1,2,...).
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The roots +kg and 4+, represent the gravity (propagating) and evanescent wave modes, respectively. The
roots k,, are the acoustic-gravity wave modes which are generated when the wavenumber (k) of the sound
wave becomes larger than the wavenumber of the evanescent waves. In the absence of water compressibility, p
can be replaced by k to obtain the equivalent dispersion relation for incompressible ocean. Figure (2) provides
a comparative study on the location of the roots of the dispersion relation in both the cases. The movement of

the first few evanescent modes of incompressible ocean is readily seen to move into the real axis to provide the
AGW.
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Figure 2: Generation of AGW from the evanescent modes when water compressibility is taken into account, is
presented.

Residue calculus has been used to obtain the integral M (k,z), and the region-wise potential functions are
obtained by using inverse Fourier transform. The expression for f(z, z) for z > b can be obtained as
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Now, the expression for f(z, z) for z < —b can be obtained as
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The expression for f(x, z) in the region —b < x < b can be evaluated as
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Figure (3) represents the water surface elevation for different values of length of ocean floor (b) that is oscillating
periodically. Higher amplitude of surface wave away from the oscillating bottom is observed when b is smaller.
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Figure 3: Free surface profile for different values of elevation width b against the horizontal space x. The
parameter values are: m =0, g = 9.81m-s72, p = 1020Kg - m™3, w = 27, ¢; = 1450m - s~*, h = 3000 m
and the number of acoustic gravity waves are 5.

More results on the free water surface elevation and pressure signature will be presented during the workshop.
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