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1 Introduction

In this paper we derive new forms of the mild-
slope equation (MSE) for water waves in a
weakly compressible fluid on a slowly varying
bathymetry, with surface and bottom distur-
bances. The MSE is a powerful tool to model the
refraction-diffraction dynamics of water waves
propagating on a variable bathymetry [1]. Tra-
ditionally, mild-slope models are derived by as-
suming that the wave steepness is small, the fluid
is inviscid and incompressible and the motion
is irrotational. Furthermore, no disturbances
are normally considered both on the free surface
and at the bottom of the fluid domain [2]. In
this paper we shall find new expressions of the
MSE by relaxing the incompressibility hypothe-
sis and considering both surface and bottom dis-
turbances. We shall name the set of new formu-
lae as the extended acoustic-gravity mild-slope
equations (EAG-MSE). Such a system of equa-
tions can be implemented in numerical models
for the early detection of coastal flooding based
on the hydro-acoustic precursors of surface grav-
ity waves (see [3]–[5]).
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2 Mathematical model

Let us consider the motion of a slightly compress-
ible fluid on a variable bathymetry with surface
and bottom disturbances. The wave field is de-
scribed by the wave equation

∇2Φ + Φzz =
1

c2
Φtt (1)

in the fluid domain, together with the kinematic-
dynamic boundary condition on the free surface
(see [5])

Φtt + gΦz = −P (x, y, t)

ρ0
, z = 0, (2)

and the no-flux condition at the bottom

Φz +∇h · ∇Φ = −ht, z = −h(x, y, t), (3)

as in [1]. Here, Φ(x, y, z, t) is the velocity po-
tential, ∇ is the horizontal gradient, P (x, y, t)
is a prescribed surface pressure disturbance,
h(x, y, t) denotes the seafloor, g is the accelera-
tion due to gravity, ρ0 is the density of the undis-
turbed fluid, c is the (assumed constant) speed
of sound in water. A reference system O(x, y, z)
is set such that (x, y) lie on the horizontal plane
and z is the vertical coordinate originating from
the undisturbed water plane, positive upwards;
t is time. Physically, P represents the action of
an atmospheric pressure front, which is respon-
sible for the generation of storm surges, while
h(x, y, t) is a seafloor deformation which gener-
ates tsunamis [1]. Initially we shall retain both

1



disturbances and derive a generalised form of the
EAG-MSE. Then we shall find particularised ex-
pressions of our novel equation for each distur-
bance. Following [4], let us expand the velocity
potential in a Galerkin series

Φ(x, y, z, t) =
∞∑
n=0

ψn(x, y, t) fn(z, h(x, y, t)),

(4)
where the ψn(x, y, t) are unknown functions and
the fn(z, h) are the solutions of the homogeneous
boundary-value problem with the local and in-
stantaneous water depth h(x, y, t) (see [1]):

fn(z, h(x, y, t)) =
coshβn(z + h)

coshβnh
. (5)

In the latter, the βn = βn(h(x, y, t)) solve

β0 : ω2 = gβ0 tanhβ0h (6)

βn = iβ̄n : ω2 = −gβ̄n tan β̄nh, (7)

where the mathematical problem is formulated
for a generic single frequency ω of the forcing
spectrum [4]. The solution for the complete spec-
trum is easily obtained by simple Fourier super-
imposition of the single spectral components ([4],
[1]). Physically, n = 0 represents the propagat-
ing gravity mode, while n > 0 represents propa-
gating and evanescent hydro-acoustic modes [3].
Let us now introduce the inner product

〈f(x, y, z, t), g(x, y, z, t)〉

=

∫ 0

−h
f(x, y, z, t) g(x, y, z, t) dz, (8)

so that 〈fn, fm〉=0 if n 6= m. We shall also ex-
pand the surface and bottom disturbances ac-
cordingly, i.e.

P (x, y, t) =
∞∑
n=0

Pn(x, y, t) fn(x, y, z, t), (9)

h(x, y, t) =
∞∑
n=0

hn(x, y, t) fn(x, y, z, t) (10)

respectively, where

Pn(x, y, t) =
〈P, fn〉
〈fn, fn〉

(11)

and

hn(x, y, t) =
〈h, fn〉
〈fn, fn〉

. (12)

Following [2] (Section 7.2.3.3), first calculate〈
fm, ∇2Φ + Φzz −

1

c2
Φtt

〉
= 0, (13)

from Eq.(1), with m = 0, 1, . . . Then substitute
the expansion (4) into (13) to get

∞∑
n=0

[
∇2ψn 〈fm, fn〉+ 2∇ψn · 〈fm,∇fn〉

+ψn

〈
fm,∇2fn

〉
+ ψn 〈fm, fnzz〉

− 1

c2
(ψntt 〈fm, fn〉+ 2ψnt 〈fm, fnt〉

+ ψn 〈fm, fntt〉)] = 0, (14)

for the governing equation. Similarly, substitut-
ing (4) into (2) and (3), one gets

∞∑
n=0

ψnfmfnz = −1

g

∞∑
n=0

(ψnttfmfn

+2ψntfmfnt + ψnfmfntt)

− 1

ρ0g

∞∑
n=0

(Pntfmfn + Pnfmfnt) , z = 0

(15)

and

∞∑
n=0

ψnfmfnz = −
∞∑
n=0

(ψnfm∇fn · ∇h

+ ∇ψn · ∇h fmfn + hntfmfn+

+ hnfmfnt) , z = −h (16)

for the boundary conditions, respectively. Fur-
ther application of the Green integral formula

〈fm, fnzz〉 = −〈fmz , fnz〉+ [fmfnz ]z=0
z=−h (17)

and usage of (15)–(16), together with the prop-
erties

fnt = fnh
ht, fntt = fnhh

(ht)
2 + fnh

htt

and

(fnh
)z=0 = (fnhh

)z=0 = 0,

transforms (14) into the sought system of expres-
sions:

+∞∑
n=0

[
amn∇2ψn + bnm · ∇ψn
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+

(
cmn −

ω2

g

)
ψn −

1

g
ψntt

]
=

1

c2

∞∑
n=0

(amn ψntt + dmn ψnt

+ emn ψn) +
1

ρ0g

+∞∑
n=0

Pnt

−
+∞∑
n=0

[gmn hnt + lmn hn] , m ∈ N, (18)

after lengthy algebraic simplifications. In Eq.
(18),

amn = 〈fm, fn〉 ,
bmn = 2 〈fm,∇fn〉+ (fm fn)z=−h ∇h,
cmn = −〈fmz , fnz〉+

〈
fm,∇2fn

〉
+ (fm∇fn)z=−h · ∇h+

ω2

g
,

dmn = 2 〈fm, fnh
〉 ht,

emn = 〈fm, fnhh
〉h2t + 〈fm, fnh

〉htt,
gmn = (fm fn)z=−h
lmn = (fm fnh

)z=−h ht,

All the above terms depend on x, y, t via the fn
and h (see Eq.5). Expression (18) is the novel
EAG-MSE for waves in a weakly compressible
fluid generated by surface pressure disturbances
and seafloor deformations. It represents both
gravity (n = 0) and hydro-acoustic (n > 0)
waves of given frequency ω [4, 5]. Note that in
the limit c → ∞, assuming P = ht = 0 and
steady-state harmonic oscillations of frequency
ω, (18) fully corresponds to Massel’s MSE (see
equation 16 in [2]).

3 The adiabatic approximation

The adiabatic hypothesis is a frequent approxi-
mation undertaken in the modelling of acoustic-
gravity waves. Within such an approximation,
one neglects the cross-coupling terms in the gov-
erning equations, not allowing the normal modes
to interact among themselves. This framework
allows for much quicker computations, usually
without significant loss of accuracy [6]. Assum-
ing that each mode propagates without interact-
ing with the others, the EAG-MSE (18) simpli-

fies into

ann∇2ψn + bnn · ∇ψn +
(
cnn − ω2/g

)
ψn

−1

g
ψntt =

1

c2
(annψntt + dnnψnt + ennψn)

+
1

ρ0g
Pnt − gnnhnt − lnnhn, n = 0, 1, . . . (19)

which we name the adiabatic acoustic-gravity
mild-slope equation (AAG-MSE).

3.1 AAG-MSE for tsunamis (Sam-
marco et al.’s MSEWC)

Let us consider the case P = 0, h = h(x, y, t).
For a geophysical flow over a large area with a
slowly varying bottom, such as a tsunami, the
dependence of fn on h can be safely neglected,
so that fn = fn(z) (see [4]) and

dnn = enn = lnn = 0. (20)

Furthermore, for a slowly varying depth, the
higher-order terms

∇2fn = O
(
∇2h

)
, ∇fn · ∇h = O

(
|∇h|2

)
,

can be neglected too, so that

cnn = β2nann. (21)

Finally note that

ann∇2ψn = ∇ · (ann∇ψn)−∇ann · ∇φn, (22)

where

∇ann = annh
∇h =

∂

∂h

∫ 0

−h
f2n dz∇h = bnn

(23)
as an application of the Leibniz integral rule.
Substituting (20)–(23) into (19), the latter yields
finally

ψntt

(
Cn

c2
+

1

g

)
−∇ · (Cn∇ψn)

+

(
ω2

g
− β2nCn

)
ψn = Dn ht. (24)

In Eq. (24),

Cn = ann =
2βnh+ sinh(2βnh)

4βn cosh2(βnh)
, (25)

Dn =
〈gnn, fn〉
〈fn, fn〉

=
4 tanh(βnh)

2βnh+ sinh(2βnh)
. (26)
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Expression (24) is the MSE for weakly com-
pressible fluids (MSEWC) found by Sammarco
et al. [4]. The latter allows to model the hydro-
acoustic waves travelling fast ahead of an incom-
ing tsunami generated by a seafloor movement.
Such hydro-acoustic waves leave a distinctive sig-
nature on the bottom pressure that can be used
for the early detection of tsunamis [3, 4].

3.2 AAG-MSE for storm surges

We shall now consider the case of a fixed
bathymetry h = h(x, y) and a surface pressure
distribution P (x, t). In such a case, dnn = enn =
lnn = 0. Therefore, using again (23), expression
(19) simplifies to

ψntt

(
Cn

c2
+

1

g

)
−∇ · (Cn∇ψn)

+

(
ω2

g
− β2nCn

)
ψn = −Bn

ρ0g
Pt, (27)

where

Bn =
2 sinh(2βnh)

2βnh+ sinh(2βnh)
. (28)

Expression (27) allows to model the hydro-
acoustic precursors of storm waves over a vari-
able 3D bathymetry.

4 Numerical computations

Numerical computations of the MSEWC have al-
ready been performed in [4], where equation (24)
has been solved for constant and mild-slope do-
main configurations. Numerical analysis of the
AAG-MSE for storm waves (27) is currently be-
ing performed for a travelling pressure perturba-
tion. Preliminary results will be presented at the
workshop.

The numerical model solves the partial differ-
ential equation by means of the Finite Element
Method. The three dimensional domain is
discretised into tetrahedral elements, whose
minimum element size is set to be at least
1/10 of the simulated wave length, in order to
correctly reproduce the wave field. Neumann
type boundary conditions are applied at the
boundaries of the domain. Since the mathemat-
ical problem is hyperbolic, it is solved by means
of a time-marching numerical scheme. For the

efficiency of the time-stepping algorithm, it is
important to assemble the time independent
matrices only once. We use the generalised-α
method, which is a one-step implicit method
for solving the transient problem. Frequency
bands of defined width are selected to discretise
the forcing spectrum and to solve a set of
equations, as (27), each one calculated using the
carrier frequency of the selected band. Then a
broad frequency spectrum can be simulated by
superimposing the results. The numerical solu-
tion is obtained using the software COMSOL
Multiphysics.

The work of E.R. is funded by the AXA Re-
search Fund. F.D. is supported by the ERC-
2011-AdG 290562-MULTIWAVE.
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