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1. Introduction

Currents with speeds exceeding 1m/s are observed in the near shore regions in many parts of the world
and the mutual interaction between waves and the underlying currents alter the wave characteristics
significantly. There is negligible progress in the literature to deal with wave structure interaction
problems in the presence of current in time domain. Meylan et al. (2004) studied the wave interac-
tion with a finite floating elastic plate in time domain using Laplace transform and Green’s function
technique. In the present paper, a class of initial boundary value problems associated with the time
dependent flexural gravity wave maker problems are handled using Laplace transform method and
Green’s function technique in both the cases of finite and infinite water depths.

2. Mathematical formulation

In the present paper, the time dependent flexural gravity wavemaker problems are analyzed in two-
dimensional cartesian co-ordinate system in both the cases of finite and infinite water depths assuming
that a thin elastic plate of thickness d and density p;is floating on the free surface of water. Assuming
that the fluid is inviscid, incompressible of constant density p occupies the region 0 < x < 00, 0 <y < h
in case of finite depth, (0 < y < oo in case of infinite depth). Further, it is assumed that the fluid
motion is irrotational and there is a uniform current flowing with speed U along the direction of wave
propagation. Thus, the total velocity potential ®(x,y,t) is written as ®(x,y,t) = Uz + ®(z,y,t) and
the plate deflection is denoted as n(z,t). Thus, the velocity potential ®(z,y,t) satisfying the two
dimensional Laplace equation is given by

V2® =0, in the fluid region, (1)
along with the bottom boundary condition
0y®=0, ony=~h, and ¢,|V®| -0, as y — oo, (2)

in case of water of finite and infinite depths respectively. The linearized kinematic and dynamic
conditions on the plate covered surface are given by

om+Udyn=0,®, on y=0. (3

(D@;L - Qaﬁ +’Yat2 +9)®y = (0 + Ud,)?®, on y =0, (4

where 0 with suffix indicates the partial derivative with D = EI/p, Q = N/p, v = pid/p, I =
d®/(12(1 — v?)), E is the Young’s modulus, N is the compressive force, v is the poison’s ratio, and g
is the acceleration due to gravity.

3. Green’s function for flexural gravity waves
In this Section, the time dependent Green’s functions G(z, y; xo, yo,t) are derived for flexural gravity
wave problems in case of finite and infinite water depths assuming that a point source of strength
m(t) is located at (xg,yo) in the fluid domain. The Green’s function G(x,y; xo, yo,t) satisfy the two
dimensional Laplace equation as in Eq.(1) in the fluid domain except at (xg,yo), along with the
boundary conditions as in Eqgs. (2)—(4). In addition, the Green’s function G(z, y; xo, yo, t) satisfies the
conditions

G ~m(t)lnry, as m —0, and G,|VG|—0, as r3 — oo, (5)

with r1 = \/(z — 20)2 + (y — yo)2. Further, the Green’s function G(x,y;xo,0,t) satisfies the initial
conditions

G,0:G=0, ony=0, at t=0. (6)



In order to determine G(x, y; zo, Yo, t) associated with the aforementioned initial boundary value prob-
lem, the problem is transformed to a boundary value problem by using the Laplace transform in
the time variable t. The transformed Green’s function G(z,y; o, yo, p) satisfies the two dimensional
Laplace equation as in Eq. (1) in the fluid domain except at (z¢, o) along with the boundary condi-
tions (2) and

(Daj - Q@S + gﬁg’ —p? = U?9? - 2Upd,)G =0 on y =0, (7)

Finite water depth:
The transformed Green’s function G(z,y; o, yo,p) satisfying the governing Eq. (1) along with the
boundary conditions (2) and (7) in case of finite water depth is given by

= T % (2e *hg (y, yo) cos k(z — x) Ll h92 Y, y0)e iemk(z—0) } ]
= In % —
G=mip ){ n7“2 /0 { k cosh kh Z {QQ + (p+ iemUk)2}g3(k) dk|, (8)

where Q7 = (Dk* — Qk? + g)ktanh kh, 7o = /(z — 20)2 + (¥ + v0),

91(y, yo) = sinh ky sinh kyg, g¢3(k) = ksinh kh cosh kh, } { 1, for m =1, ©
€m =

92(y,yo) = cosh k(h — y) cosh k(h — y), -1, for m=11I.

Using the inverse Laplace transform and convolution theorem, Eq. (8) yields

—kh
_ r, [ e gy, yo) cosk(x — xo) }
Gl o0 1) = m(t){ = T2 2/0 k cosh kh dk g

- 2/ Qh92 y,yo {/ m(7)sin Qp,(t — 7) cos k{(x — xg) — U(t—r)}dr}dk. (10)

Assuming that the motion is snnple harmonic in time with angular frequency w, the associated Green’s
function is written in the form G(z,y;zo,y0,t) = Re[G(z,y; zo, yo)e “!]. Thus, the spatial Green’s
function G(z, y; xo, yo) satisfy Eq. (1) along with the boundary conditions (2) and (7). Hence, substi-
tuting p? = —w? and m(p) = 1/(27), Eq. (8) yields

1 el % (2e Fhg (y, yo) cos k(z — x) £l thg Y, Yo)e iemk(z—20) H
= In — — dk ¢ . 11
g |:n7‘2 /0 { % cosh kh Z 2 — (@t enUF)?hgs(F) (11)

Now, applying Cauchy residue theorem, G(x,y; zo, yo) is rewritten as

II II
G = Z [ Z 5m,nM1(kn)fn(y)fn(yo) plemkn (z— x0)+ Z )fn< )fn<y0)e—pn|ac—x0|:|’ (12)

L' (ky, €m) L (kn, €m,)

m=I ~n=0,1 n=1

where M (k,) = —ifin(Dks — QK2 + g), fu(y) = coshky,(h —y)/ cosh kyh, with L(k, en) = Q2 — (w +
emUk)?, 010 = 6110 = 01,1 = Orrir = 1, 0101 = 0111 = 0, Ky, = 1/2 for n = 0 and one otherwise.
The expansion formula in Eq. (12) reduces to the formula by Manam et al. (2006) in the absence of
current.

Infinite water depth:

Proceeding in a similar manner as in case of finite depth, the transformed Green’s function G(z, y; zo, yo, p)
in case of infinite water depth is obtained as

_ 02¢ temk(z—x0)—k(y+yo)
G(,y; w0, Yo, p) = {ln Z/ HOE T p+zemUk:)2}dk}' (13)

where Q2 = (Dk* — Qk? + g)k. Using inverse Laplace transform and convolution theorem from Eq.
(13), the time dependent Green’s function G(z,y;xo, Yo, t) is obtained as

G =m(t)n " - / / QQe_k S (F) st — 7) cos iz — w0 — Ut — 7)}drdk. (14)



In case of simple harmonic motion proceeding in a similar manner as in case of finite water depth the
spatial Green’s function G(z,y; xo,yo) is obtained as

1 o0 g—ky 4 .
0o yiz0,m) = 5 |2t 4+ [T S f e et o o (reiean Lk, (15)

with  CF = —Q%e "0 /[k{Q? — (w4 Uk)?}]. Applying Cauchy residue theorem, the Green’s function
G(x,y;x0,y0) can be rewritten as

11 _kn( + O) o0
O M1 (Ko e ™o WH00) o am M(k,y)M(k,y0) -
g = gitmbn(o=m0) _ / : e M) gk, (16)
mZI 2 R en) AN
where Fy(k,en) = 5Dk* — 3Qk? + g — 2U (w + Uepk), M(k,y) = Q%k cos ky — (w + iUk)? sin ky and
A(k) = Q%+ (w+iUk)*. Tt can be easily proved that the series as in Eq.(12) and integral in Eq.(15)
are absolutely convergent.

4. Flexural gravity wave-maker problem

In this Section, the Green’s function derived in the aforementioned subsection will be used to find
the expansion formulae for the velocity potentials associated with the flexural gravity wave maker
problems in time domain in the presence of current in both the cases of finite and infinite water
depths. Here, the velocity potential ®(x,y,t) satisfies the governing Eq. (1), the initial conditions (6)
along with the boundary conditions in Eqgs. (2)—(4). Assuming that a wave maker located at z = 0 is
oscillating with velocity Uj(y,t). Thus, the boundary condition on the wave maker is given by

0P
Ox
In order to find the velocity potential ®(z,y,t), the initial value problem is converted to a boundary
value problem in ®(z,y,p) where ®(z,y,p) is the Laplace transform of ®(x,y,t). Then, Green’s

identity is applied to the boundary value problem associated with the transformed functions ®(z,y, p)
and a suitable chosen Green’s function G™°4(x, y; 2q,vo, p) defined by

=Ui(y,t)+U, on z=0. (17)

émOd(x7y;x07y07p) - G(m7y;x07y07p) + G(m7ya _«TO,yO,p), (18)

where G(z,y; 2o, Yo, p) is the transformed Green’s function as in Eqs. (8) and (13) in cases of finite and
infinite water depths respectively. From Eq. (18), it is clear that G™°%(z,y; zo, yo,p) = 0. Applying
Green’s identity to the boundary value problem in ®(z,y, p) and G™%(z,y; xo, yo, p) and proceeding
in a similar manner as in Manam et al. (2006), the velocity potential ®(xq,yo,p) is obtained as

(I)(x()?y()a - - 2/ Ul Z/ p U/p)} (O Y; o, Yo, P )dyv (19)

) _ _ _ o
_Q{D((I)yynyy + nyy@my) - Q(I)wyGy} ) (20)
p (z,y)=(0,0)

where R varies from 0 to oo and 0 to h in the case of infinite and finite water depth respectively.
Taking the inverse Laplace transform of Eq. (19) and using convolution theorem the velocity potential

®(x0,yo,t) in case of finite water depth is obtained as

®(z0, 90, t) = L~ {A(p) —2/ /{U1 y,t_T)JrU}[ (){m”

T2

6 * g1(y, yo) cos kg ~ Q92(y, yo) Fu(7, 2, 20) H
-2 dk ¢ |drdy. 21
/ k cosh kh g3(k) ) T (1)



Similarly, taking inverse Laplace transform of Eq. (19) and using convolution theorem the velocity
potential ®(zg,yo,t) in case of infinite water depth is obtained as

D (x0,90,t) = 2/ /{U1 (y,t—7) +U}{ (1) n——2/ Qe FWrw) p(r xo)dk}dey,
(22)

where
Fy(t, z, 70) — /0 n(r) sin Qu(t — 1) cos Kl — 2o — Ut — 7)]dr, (23)
F(t,2, 70) = /Ot m(7) sin Q(t — ) cos klz — z0 — U(t — 7)]dr. (24)

In particular, for p?> = —w? and m(p) = 1, from Eqgs. (8) and (13), the spatial velocity potential
¢(x,y) associated with the time harmonic motion with angular frequency w are derived as

II o)
plz,y)= > { Z A (k) fo(y)e'mmn® 3 Bm,n(kn)fn(y)e_knx}v for finite depth,
m=I1 *~ n=0,] n=1
(25)
II 0o —kx
o(x mZ:InZO:IAhnn n)e Y (y)etmtnt —i—/o T(k)M(Ak&z))e ' dk, for infinite depth,  (26)
where
20 My (kn) [ [ .
Amn(kn) = T em) [/0 {U1(y) + U/(iw)} fu(y)dy
= [Tt + Btk feieromas + FRE R G — D2 - DBy,
Alm,n(kn) = % [/ {U1(y) + U/(zw)}e—knydy o
= [ st + salh femirar + 4G5~ DR~ D],
R 00 1.\ 2
709 = [ [0 + /ey pay + EET Q- D2+ D)
0 w
+ 2;7(2] - {(w + Uk)2(iUBy — 2wBs) — D%kB3(2w + Z'Ul-c)}e_md:r,

with Bm,n(kn) = Am,n(ikn)7 Bl = ¢xy(070)7 52 = Qbyyyx(oao)v ﬁ3 = ¢y(x70)7 54 = ¢:Jc:]c(xa0)a ﬁ5 =
¢ (x,0), B(k) = ({J—Qrf{kﬂg — Bytanh kh}, a(k) = —inﬂ{iemﬂg + B35 tanh kh}, aq(ky,) and 51 (ky,) can be
obtained by taking h — oo. It is easy to check that in the absence of current the expansion formula
for time harmonic velocity potential as in Egs. (25) and (26) is same as in Manam et al. (2006).
Particular cases with computational results associated with the initial value wavemaker problem will
be presented in the workshop.
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