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In this work, the high level GN theory is investigated and applied to shallow-water wave problems. The 
solution algorithm by Demirbilek and Webster (1992) is improved. Two experiments (Zou et al., 2010; 
Luth et al., 1994) are reproduced numerically. Results of Level 5 GN theory show some difference 
compared with Level 3 GN theory. Results of Level 5 and Level 7 GN theory are almost the same. For 
these two cases, results of Level 5 GN theory are the converged GN results. The converged GN results 
show that the GN theory can predict the wave transformation over uneven seabed accurately. When we 
use GN theory, the convergence should be considered by using different levels. 

1. Introduction 
The Green-Naghdi theory, called GN theory for short, was originally developed in 1974 to analyze 
some nonlinear free-surface flows (Green et al., 1974). In GN models the dimension of a free surface 
problem is reduced by one, and nonlinear boundary conditions are satisfied on the instantaneous free 
surface. Demirbilek and Webster (1992) applied Level 2 GN theory to shallow-water wave problems. 
Ertekin and Kim (1999) studied the hydroelastic behavior of a three-dimensional mat-type VLFS in 
oblique waves by use of the Level 1 GN theory. Xia et al. (2008) studied the two-dimensional, 
nonlinear hydroelasticity of a mat-type very large floating structure (VLFS) within the scope of linear 
beam theory for the structure and the nonlinear, Level 1 GN theory for the fluid. Zhao et al. (2009) 
applied Level 3 GN theory to shallow-water wave problems. High level (higher than Level 3) GN 
theory is hard to realize because of the complexity of GN equations. Webster et al. (2011) simplified 
the GN equations. And, they make the application of high level GN theory easier. 
This paper is organized as follows. In section 2, the governing equations for the 2-D GN theory are 
given. Section 3 gives the improved solution algorithm. Two test cases (Zou et al., 2010; Luth et al., 
1994) are reported in section 4. Lastly, the conclusion is given in section 5. 

2. GN Theory 
The governing equations for the motion of the fluid are provided by the GN theory (Webster et al., 
2011). The two-dimensional governing differential equations are 

 
0

K
n

n n
n

w u
t x
β ββ

=

∂ ∂⎛ ⎞= −⎜ ⎟∂ ∂⎝ ⎠
∑  (1) 

 ( ) ( )1 0 0 0n
n n nG gS nE G gS

x x
α−

∂ ∂
+ + − + =

∂ ∂
 for 1,2,3, ,n K=  (2) 

where 

 0 0 0

K K K
mm m

n mn r mrn m r rn
m r r

u u
E S u S u w S

t x= = =

⎡∂ ∂ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟∂ ∂⎝ ⎠⎣ ⎦
∑ ∑ ∑  

 

 0 0 0

K K K
mm m

n mn r mrn m r rn
m r r

w w
G S u S w w S

t x= = =

⎡∂ ∂ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟∂ ∂⎝ ⎠⎣ ⎦
∑ ∑ ∑  



 
 

 
n

nS z dz
β

α
= ∫ , m n

mnS z dz
β

α

+= ∫ , m r n
mrnS z dz

β

α

+ += ∫ , 1m m r n
rnS m z dz

β

α

+ + −= ∫  

 0Ku =  

 

11 n
n

u
w

n x
−∂⎛ ⎞= − ⎜ ⎟∂⎝ ⎠

 for 1, 2, ,n K=  

 
0 0

1

K
n

n n
n

w w u u
x x
α αα

=

∂ ∂⎛ ⎞= − − +⎜ ⎟∂ ∂⎝ ⎠
∑  

The GN theory with 1K = , 2K = ,  are called Level 1, Level 2,  GN theory, respectively. 
Zhao et al. (2010) gave the dispersion relations of GN theory with different levels. 
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Figure 1: Dispersion relations of the GN theory 

 

3. Algorithm 
The solution algorithm by Demirbilek and Webster (1992) is improved here. Eq. (2) can make a system 
of K coupled, quasi-linear partial differential equations in the K -dependent variables. The variables 
are expressed here as a K -dimensioned vector, ( , )x tξ , whose equations have the special form as 

 

  , ,xx x+ + =A B C fξ ξ ξ   (3) 

where the dot over ξ  signifies a derivative with respect to time, and Α , B , and C are K K×  

matrices, f is a K -dimensioned vector. 
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Α , B , C  and f  are functions of x  and ξ  and its spatial derivatives, although this dependence 
will not be shown here in the interest of simplicity. It is assumed that the problem is posed as a 
two-point boundary-value problem in x  and an initial-value problem in t . The domain of x over 
which a solution to the equations is desired may be assumed to have a uniform grid of x ’s, spaced a 
distance xΔ apart. The i-th point on the grid will be denoted by ix i x= Δ , for 1,i ns= . Time is also 
assumed to be discretized with intervals tΔ , with jt j t= Δ . The value of the solution vector ( , )i jx tξ  
will be denoted by ( , )i jξ  and similar superscripts will be used for the other vectors and matrices.  

The spatial derivatives ,xξ  and ,xxξ will be approximated by central differences as 
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With these approximations, Eq. (3) can be written as 

 ( , ) ( 2, ) ( , ) ( 1, ) ( , ) ( , ) ( , ) ( 1, ) ( , ) ( 2, ) ( , )i j i j i j i j i j i j i j i j i j i j i j− − + ++ + + + =A B C D E fξ ξ ξ ξ ξ  (5) 

4. Tests 
In order to examine the accuracy and capability of the high level GN theory, Level 3, Level 5 and 
Level 7 GN theory are applied to two examples of 2D wave propagation on uneven bottoms. (1) Zou et 
al., 2010. (2) Luth et al., 1994. 

 
(a) x=7.85m                  (b) x=8.5m                   (c) x=9.5m 

 
 (d) x=10.5m                 (e) x=13.3m                 (f) x=15.0m 

Figure 2: Time series of free surface elevations over a break water with 1:2 front slope and 1:10 back slope 
(Zou et al., 2010). Wave period is 1.3s. Wave height is 0.02m. (GN3: Dash Dot; GN5: Solid; GN7: Dot) 

 
(a) x=12.5m                 (b) x=13.5m                  (c) x=14.5m 

 
(d) x=15.7m                (e) x=17.3m 
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(f) x=19.0m                 (g) x=21.0m 

Figure 3: Time series of free surface elevations for Luth’s experiment (1994). Wave period is 2.02s. 
Wave height is 0.02m. (GN3: Dash Dot; GN5: Solid; GN7: Dot) 

5. Conclusions 
For the experiment by Zou et al. (2010), results of Level 5 GN theory show some difference compared 
with Level 3 GN theory at Figure 2(e) and 2(f). For the experiment by Luth et al. (1994), results of 
Level 5 GN theory show some difference compared with Level 3 GN theory at Figure 3(e), 3(f) and 
3(g). Whereas, results of Level 5 and Level 7 GN theory are almost the same for these two experiments. 
For these two cases, results of Level 5 GN theory are the converged GN results. When we use GN 
theory, the convergence should be considered by using different levels. The converged GN results 
show that the GN theory can predict the wave transformation over uneven seabed accurately. 

Acknowledgements 
The work is supported by the National Natural Science Foundation of China (No. 11102049), the 
Specialized Research Fund for the Doctoral Program of Higher Education of China (SRFDP, No. 
20112304120021), the special Fund for Basic Scientific Research of Central Colleges, Harbin 
Engineering University (Harbin) and the “111” Project (B07019). This work is also support by The 
LRET through the joint centre involving University College London, Shanghai Jiaotong University and 
Harbin Engineering University, to which the authors are most grateful. 

References 
[1] Demirbilek, Z. & Webster, W.C., 1992. Application of the Green-Naghdi Theory of Fluid Sheets to 
Shallow-Water Waves: Report 1. Model formulation. US Army Wat. Exp. Sta., Coastal Engng. Res. 
Cntr. Tech Rep. No. CERC-92-11, Vicksburg, MS, 45pp. 
[2] Luth, H.R., Klopman, G. and Kitou, N., 1994. Project 13G: Kinematics of waves breaking partially 
on an offshore bar. Delft Hydraulics Report H1573. 
[3] Webster W.C., Duan W.Y., and Zhao B.B., 2011. Green-Naghdi theory, part A: Green-Naghdi (GN) 
equations for shallow water waves. Journal of Marine Science and Application, Volume 10, Number 3, 
253-258. 
[4] Zhao B.B., Duan W.Y., and Webster W.C., 2010. A Note on Three-Dimensional Green-Naghdi 
Theory. The 25th International Workshop on Water Waves and Floating Bodies (25th IWWWFB), 
Harbin, China. 
[5] Zou, Z.L., Fang, K.Z. and Liu, Z.B., 2010. Inter-Comparisons of Different Forms of Higher-Order 
Boussinesq Equations. Advances in numerical simulation of nonlinear water waves. Editor: Qingwei 
Ma. 

-0.02

 0

 0.02

 0  1  2  3  4
β(

m
)

t (s)

GN3

GN5

GN7

exp.

-0.02

 0

 0.02

 0  1  2  3  4

β(
m

)

t (s)

GN3

GN5

GN7

exp.


