PHASE MANIPULATION AND THE HARMONIC COMPONENTS
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The Stokes-type expansion for the hydrodynamic force on a column in a regular wave can be written to
4th order as
F = f11 a cos φ + f 22 a 2 cos 2φ + f 33 a 3 cos 3φ + f 44 a 4 cos 4φ + f 20 a 2 + f 31 a 3 cos φ + f 42 a 4 cos 2φ
where the coefficients f represent wave to force transfer functions (including implicit phase shifts) and a
is the incoming linear wave amplitude. Note the structure of the terms multiplying coefficients such as
f33 where the power of the amplitude term is the same as the frequency harmonic (here both 3), and the
terms multiplying terms such as f42 where the power of the amplitude is greater than that of the frequency
harmonic by 2. In the notation of Stokes expansions, these

correspond to sum and difference

components respectively. For ringing we are mostly concerned with the sum harmonics. Whilst these
individual harmonic components are easy to extract for regular wave forcing, this is much more difficult
for broadbanded waves trains, either random or wave groups, where the simple Stokes terms are replaced
by summations of products of linear terms and each net higher harmonic contributes across an
increasingly broad range of frequencies. There are then strict limits as to what can be achieved by simple
frequency filtering.
Here we are concerned with the nonlinear force components generated by isolated compact wave groups
impacting on a single surface piercing column. The experiments were performed in the shallow water
wave basin at DHI and reported at a previous workshop [1] and at Coastlab 2010 [2]. The cylinder
diameter was 0.25m and the water depth 0.505m. The total horizontal hydrodynamic load was inferred
from the horizontal force transmitted through strain gauges to a stiff supporting frame, after accounting
for the structural dynamics of the mechanical system (resonant freq 3.88Hz, 0.9% of critical damping).
We report results from a series of experiments with a NewWave-type compact uni-directional wave
group with a spectral peak frequency of 0.61Hz, and an amplitude at focus of ~ 5cm. The overall aim is
to compare measured load components to linear and 2nd order diffraction theory, using the code
DIFFRACT (eg. Zang et al. [3]). We also use a fully nonlinear boundary element potential flow solver
(OXPOT, based on Bai & Eatock Taylor [4], which uses quadratic free surface triangles) to extract the
harmonic structure with an apparently novel phase-based separation method. For this we use 4 runs of
OXPOT, each with the same input paddle signal, except that the phase of each Fourier component is
shifted by 0, 90, 180 (inverted) and 270°, leading to the resulting force time histories F0, F1, F2 and F3.
We then seek to extract the individual Stokes-type components by linear combinations of these signals,

including their Hilbert transforms (denoted by h), rather than depending on frequency separation of the
signals. Up to the 4th harmonic, simple linear combinations of the 4 phase-shifted runs yield
[F 0 − F1h − F 2 + F 3h ]/ 4 = f11a cosφ + f 31a 3 cosφ

[F 0 − F1 + F 2 − F 3]/ 4 = f 22 a 2 cos 2φ + f 42 a 4 cos 2φ
[F 0 + F1h − F 2 − F 3h]/ 4 = f 33 a 3 cos 3φ
[F 0 + F1 + F 2 + F 3]/ 4 = f 20 a 2 + f 44 a 4 cos4φ

Only for the 4th harmonic is there an overlap with the 2nd order difference long wave loading, and these
are simple to separate by frequency filtering. Thus, running 4 phase shifted cases yields the dominant
harmonic components up to the 4th sum harmonic. We note in passing the relative importance of the
difference terms, such as f 31 compared to the f 11 term. These terms have the same frequency content but
different dependency on the wave amplitude. In general, all such difference terms are likely to be
negligible for weakly nonlinear waves, except for the 2nd order difference long-wave f 20 term.
Only the target wave groups and their inverted forms (0 and 180°) were used in the experiments, so for
this data more of the harmonic separation has to be done by frequency filtering. Two combinations yield
odd and even harmonics

[F 0 − F 2]/ 2 =
[F 0 + F 2]/ 2 =

f11 a cosφ + f 31 a 3 cosφ + f 33 a 3 cos3φ

f 20 a 2 + f 22 a 2 cos 2φ + f 42 a 4 cos 2φ + f 44 a 4 cos 4φ

The simple combination for a wave group and the similar but inverted group allows some separation, but
not as effectively as the combination of 4 groups with phase shifts of multiples of 90°. We now apply
these ideas to the force data obtained for the cylinder at DHI.
The surface elevation time history on the centre-line of the cylinder but in the absence of the cylinder
and the total hydrodynamic load are shown in Figure 1. As expected for a weakly nonlinear wave group,
the loading is dominated by a linear inertia load component, so the force leads the free-surface elevation
by close to 90°. The composite Figure 2 shows the linear frequency component, the 2nd harmonic double
and difference frequency terms, the net 3rd and 4th sum harmonics, all as derived from both the physical
experiments and the fully nonlinear potential flow simulations. The linear component has also been
compared to a Morison inertia prediction using Cm=2 and a linear diffraction result (using DIFFRACT).
The cylinder is compact on a wavelength scale so the good agreement between all the linear predictions
and the experimental data is to be expected, but still worthy of note as it provides an independent check
on the quality of the experiments.
Given the good match for the linear load component, the theoretical 2nd and 4th harmonics also match the
measured components well. Even the 2nd harmonic error wave driven by the paddle (because only linear
paddle driver signals were used) is clearly represented, centered at ~ 6s. We conclude that, for all the
components other than the 3rd, the nonlinear potential flow solver is adequate. In contrast, the measured
and predicted 3rd harmonic components are rather different. This is interesting as much work has been
done on 3rd order forcing, starting with the FNV model from Faltinsen, Vinje and Newman, see [5,6].
Close examination of the 3rd harmonic experimental record shows two significant dips in the envelope of
the experimental signal at times ~ 0s and 1s. This is consistent with two superposed broadbanded

components coming in and out of phase. This may be the explanation if, as well as the nonlinear
potential flow components, there is also a small drag term. The Morison drag term in a sinusoidal
flowfield can be expanded into harmonic components as
8 2
u u ~ a cosφ a cosφ ~
a (cosφ + 1 / 5 cos 3φ + )
3π
so we can immediately identify a 3rd harmonic contribution in frequency (but 2nd order in wave
amplitude) arising from the Morison drag term. We speculate that the presence of this drag component in
the physical experiment results in the mis-match and, somewhat unusually, it is relatively more
significant for small amplitude waves for the 3rd harmonic (in contrast the drag term in the linear
frequency range will be small compared to the linear diffraction force component for small waves).
Further examples of the harmonic structure of the hydrodynamic loading on a surface-piercing column
will be presented at the workshop as well as results from OpenFOAM VOF-type simulations.
In conclusion
• The harmonic structure of the horizontal force on a cylinder excited by compact wave groups with
broad spectral content can be extracted using phase shifted combinations, even when simple frequency
filtering is unable to achieve satisfactory separation.
• A fully nonlinear potential flow solver appears to capture most of the harmonic structure of the
unsteady loading on a surface piercing column except for the 3rd harmonic in frequency.
• The discrepancy between the measured and predicted 3rd harmonic components may be due to a small
contribution from a Morison-type drag.
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Figure 1. Surface elevation time series (m) and applied horizontal force (N), experimental data in solid black and
fully nonlinear potential flow simulations (OXPOT) in dotted red.

Figure 2. Harmonic decomposition of horizontal force time series, experimental data in solid black and fully
nonlinear potential flow simulations (OXPOT) in dotted red.

