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121�+$5021,&�,17(51$/�*5$9,7<�:$9(�3$&.(76�,1�675$7,),('�0(',$��9LWDO\�9��%XODWRY��<XUL\�9��9ODGLPLURY��,QVWLWXWH�IRU�3UREOHPV�LQ�0HFKDQLFV��5XVVLDQ�$FDGHP\�RI�6FLHQFHV�3U��9HUQDGVNRJR����������0RVFRZ����������5XVVLD�EXODWRY#LQGH[�[[�UX��$EVWUDFW�� :H� FRQVLGHU� WKH� SUREOHP� RI� UHFRQVWUXFWLQJ� QRQ�KDUPRQLF� ZDYH� SDFNHWV� RI� WKH� LQWHUQDO� JUDYLW\� ZDYHV�JHQHUDWHG� E\� D� VRXUFH� PRYLQJ� LQ� D� KRUL]RQWDOO\� VWUDWLILHG� PHGLXP�� 7KH� VROXWLRQ� LV� SURSRVHG� LQ� WHUPV� RI� PRGHV��SURSDJDWLQJ� LQGHSHQGHQWO\� DW� WKH� DGLDEDWLF� DSSUR[LPDWLRQ�� DQG� GHVFULEHG� DV� D� QRQ�LQWHJUDO� GHJUHH� VHULHV� RI� D� VPDOO�SDUDPHWHU�FKDUDFWHUL]LQJ�WKH�VWUDWLILHG�PHGLXP��.H\ZRUGV� LQWHUQDO�JUDYLW\�ZDYHV��VWUDWLILHG�IOXLG��
,1752'8&7,21��,Q�WKLV�VWXG\�ZH�DQDO\]H�WKH�HYROXWLRQ�RI�QRQ�KDUPRQLF�ZDYH�SDFNHWV�RI� LQWHUQDO�JUDYLW\�ZDYHV�JHQHUDWHG�E\�D�PRYLQJ�VRXUFH� XQGHU� WKH� DVVXPSWLRQ� WKDW� WKH� SDUDPHWHUV� RI� D� YHUWLFDOO\� VWUDWLILHG�PHGLXP� �H�J�� DQ� RFHDQ�� YDU\� VORZO\� LQ� WKH�

KRUL]RQWDO� GLUHFWLRQ� DQG� LQ� WLPH�� DV� FRPSDUHG� WR� WKH� FKDUDFWHULVWLF� OHQJWK� RI� WKH� GHQVLW\� �]�\�[�U � 6SHFLILFDOO\��ZH�
DVVXPH� WKDW� D� SRLQW� VRXUFH� LV�PRYLQJ�ZLWK� WKH� VXSHUFULWLFDO� YHORFLW\� 9 DORQJ� WKH� [�D[LV� DW� WKH� GHSWK� �] LQ� D� OD\HU�

�]�\�[�+ ��HH� � H LV�D�VPDOO�SDUDPHWHU��RI�WKH�VWUDWLILHG�IOXLG�ZLWK�WKH�%UXQW�9DLVDOD�IUHTXHQF\� �]�1 � 8VLQJ�
WKH�%RXVVLQHVT�DSSUR[LPDWLRQ��WKH�G\QDPLFV�LV�GHILQHG�E\��
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ZKHUH� �� DQG�:� DUH� WKH� KRUL]RQWDO� DQG� YHUWLFDO� YHORFLWLHV�� UHVSHFWLYHO\�� $� VSHFLILF� IRUP� RI� WKH� ZDYH�
SDFNHWV��ZKLFK�FDQ�EH�SDUDPHWHUL]HG�LQ�WHUPV�RI�PRGHO�IXQFWLRQV��H�J��$LU\�IXQFWLRQV�RU�)UHVQHO�IXQFWLRQV��GHSHQGV�RQ�D�ORFDO�EHKDYLRU�RI�WKH�GLVSHUVLRQ�FXUYHV�RI�LQGLYLGXDO�PRGHV�LQ�WKH�YLFLQLW\�RI�FRUUHVSRQGLQJ�FULWLFDO�SRLQWV��

�0(7+2'6��:H�PRGLILHG�WKH�VSDFH�WLPH�UD\�PHWKRG��ZKLFK�EHORQJV�WR�WKH�FODVV�RI�JHRPHWULFDO�RSWLFV�PHWKRGV��7KH�NH\�SRLQW�RI�WKH�SURSRVHG� WHFKQLTXH� LV� WKH�SRVVLELOLW\� WR�GHULYH� WKH�DV\PSWRWLF� UHSUHVHQWDWLRQ�RI� WKH� VROXWLRQ� LQ� WHUPV�RI�D�QRQ�LQWHJUDO�
GHJUHH�VHULHV�RI� WKH�VPDOO�SDUDPHWHU� /�O H � ZKHUH� O LV� WKH�FKDUDFWHULVWLF�ZDYH�OHQJWK��DQG�/�LV� WKH�FKDUDFWHULVWLF�
VFDOH� RI� WKH� KRUL]RQWDO� KHWHURJHQHLW\�� 6SHFLILFDOO\�� ZH� DUH� ORRNLQJ� IRU� D� VROXWLRQ� DV� WKH� VXP� RI� PRGHV� SURSDJDWLQJ�LQGHSHQGHQWO\��WKH�DGLDEDWLF�DSSUR[LPDWLRQ���QDPHO\��
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ZKHUH� V LV RQ�WKH�RUGHU�RI�RQH��DQG�WKH�IXQFWLRQV� �W�\�[�6 HHH � �W�]�\�[�$ HHH DQG� �W�]�\�[� HHH DUH�WR�EH�
IRXQG�>�@��'HSHQGLQJ�RQ�WKH�SUHVHQFH�RI�D�XQLIRUP��QRQ�VWUDWLILHG��VXEOD\HU��WKH�IXQFWLRQ� ��5� V LV�H[SUHVVHG�LQ�WHUPV�
RI�$LU\�IXQFWLRQV��$LU\�ZDYH��RU�WKH�)UHVQHO�LQWHJUDOV��)UHVQHO�ZDYH���7KH� H[SOLFLW� IRUP� RI� WKH� DV\PSWRWLF� VROXWLRQ� ZDV� GHWHUPLQHG� EDVHG� RQ� WKH� SULQFLSOHV� RI� ORFDOLW\� DQG� DV\PSWRWLF�
EHKDYLRU�RI�WKH�VROXWLRQ�LQ�FDVH�RI�D�VWDWLRQDU\�DQG�KRUL]RQWDOO\�KRPRJHQHRXV�PHGLXP��)LUVW�� �W�]�\�[� HHH FDQ�EH�
HVWLPDWHG�ZLWK�WKH� ���H �RUGHU�RI�DFFXUDF\�DV�
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�7KH�ZDYH� SDFNHW� SKDVH� LV� FDOFXODWHG� IURP� WKH� FRUUHVSRQGLQJ� HLNRQDO� HTXDWLRQV� WKDW� DUH� QXPHULFDOO\� VROYHG� DORQJ� WKH�FKDUDFWHULVWLF�FXUYHV��6SHFLILFDOO\��WKH�HLNRQDO�HTXDWLRQ�LV�GHILQHG�E\��
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�7KH� ZDYH� SDFNHW� DPSOLWXGHV� DUH� GHWHUPLQHG� IURP� WKH� HQHUJ\� FRQVHUYDWLRQ� ODZV� DORQJ� WKH� FKDUDFWHULVWLF� FXUYHV��:H�
UHSUHVHQW� �W�]�\�[�$ LQ� WKH� IRUP� ��W�\�[��]�\�[�I��W�\�[��\�[��W�]�\�[�$ ZZ< ZKHUH� WKH�IXQFWLRQ� I
LV� D� QRUPDOL]HG� HLJHQIXQFWLRQ� IRU� WKH� SUREOHP� ��������� 7KHQ�� DV� FDQ� EH� VKRZQ�� WKH� IXQFWLRQ� ��W�\�[��\�[� Z< LV�
GHWHUPLQHG�IURP�WKH�HQHUJ\�FRQVHUYDWLRQ�ODZ��
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ZKHUH� ���\�[�.  Z DQG� ' LV�WKH�-DFRELDQ�GHWHUPLQDQW�WR�GHILQH�WUDQVIRUPDWLRQ�IURP�WKH�UD\�FRRUGLQDWHV�LQWR�WKH�
&DUWHVLDQ�RQHV��$ W\SLFDO�DVVXPSWLRQ�PDGH�LQ�VWXGLHV�RQ�WKH�LQWHUQDO�ZDYH�HYROXWLRQ�LQ�VWUDWLILHG�PHGLD�LV�WKDW�WKH�ZDYH�SDFNHWV�DUH�ORFDOO\�KDUPRQLF��2XU�PRGLILFDWLRQ�RI� WKH�JHRPHWULFDO�RSWLFV�PHWKRG��EDVHG�RQ�DQ�H[SDQVLRQ�RI�WKH�VROXWLRQ�E\�PRGHO�IXQFWLRQV��DOORZV�XV�WR�GHVFULEH�WKH�ZDYH�ILHOG�VWUXFWXUH�ERWK�IDU�IURP�DQG�DW� WKH�YLFLQLW\�RI�WKH�ZDYH�IURQW��7KLV�ZRUN�VROYHG�WKH�SUREOHP�RI�GHVFULELQJ�WKH�HYROXWLRQ�RI�WKH�QRQ�KDUPRQLF�SDFNHWV�RI�WKH�LQWHUQDO�JUDYLW\�ZDYHV�LQ�D�OD\HU�RI�DQ�DUELWUDU\�VWUDWLILHG�PHGLXP�RI�YDU\LQJ�GHSWK�ZLWK�D�QRQ�VWDWLRQDU\��KRUL]RQWDOO\�QRQ�XQLIRUP�GHQVLW\��8VLQJ�WKH�DV\PSWRWLF�UHSUHVHQWDWLRQ�RI�WKH�ZDYH�ILHOG�DW�D�ODUJH�GLVWDQFH�IURP�D�VRXUFH�PRYLQJ�LQ�D�OD\HU�RI�FRQVWDQW�GHSWK�� ZH� VROYH� WKH� SUREOHP� RI� FRQVWUXFWLQJ� WKH� XQLIRUP� DV\PSWRWLFV� RI� WKH� LQWHUQDO� ZDYHV� LQ� D�PHGLXP� RI� YDU\LQJ�GHSWK��7KH�VROXWLRQ� LV�REWDLQHG�E\�PRGLI\LQJ� WKH�SUHYLRXVO\�SURSRVHG��YHUWLFDO�PRGHV�KRUL]RQWDO� UD\V��PHWKRG��ZKLFK�DYRLGV� WKH� DVVXPSWLRQ� WKDW� WKH�PHGLXP� SDUDPHWHUV� YDU\� VORZO\� LQ� D� YHUWLFDO� GLUHFWLRQ�� 7KH� VROXWLRQ� LV� SDUDPHWHUL]HG�WKURXJK�WKH�$LU\�RU�)UHVQHO�ZDYHV��7KLV�DOORZV�XV�WR�GHVFULEH�QRW�RQO\�WKH�HYROXWLRQ�RI�WKH�QRQ�KDUPRQLF�ZDYH�SDFNHWV�SURSDJDWLQJ�RYHU�D�VORZ�YDU\LQJ�IOXLG�IORRU��EXW�DOVR�VSHFLI\�WKH�ZDYH�ILHOG�VWUXFWXUH�DVVRFLDWHG�ZLWK�DQ�LQGLYLGXDO�PRGH�ERWK�IDU�IURP�DQG�FORVH�WR�WKH�ZDYH�IURQW�RI�WKH�PRGH��7KH�$LU\�DQG�)UHVQHO�IXQFWLRQ�DUJXPHQW�LV�GHWHUPLQHG�E\�VROYLQJ�WKH� FRUUHVSRQGLQJ� HLNRQDO� HTXDWLRQV� DQG� ILQGLQJ� YHUWLFDO� VSHFWUD� RI� WKH� LQWHUQDO� ZDYHV�� 7KH� ZDYH� ILHOG� DPSOLWXGH� LV�
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GHWHUPLQHG�XVLQJ�WKH�HQHUJ\�FRQVHUYDWLRQ�ODZ��RU�DQRWKHU�DGLDEDWLF�LQYDULDQW��FKDUDFWHUL]LQJ�ZDYH�SURSDJDWLRQ�DORQJ�WKH�FKDUDFWHULVWLF�FXUYHV��0RGHOLQJ� W\SLFDO� VKDSHV� DQG� VWUDWLILFDWLRQ� RI� WKH� RFHDQ� VKHOI�� ZH� REWDLQ� WKH� DQDO\WLF� H[SUHVVLRQV� GHVFULELQJ� WKH�FKDUDFWHULVWLF�FXUYHV�DQG�H[DPLQH�FKDUDFWHULVWLF�SURSHUWLHV�RI�WKH�ZDYH�ILHOG�SKDVH�VWUXFWXUH��:H�VKRZ�WKDW�LW�LV�SRVVLEOH�WR�REVHUYH�VRPH�SHFXOLDULWLHV�LQ�WKH�ZDYH�ILHOG�VWUXFWXUH��GHSHQGLQJ�RQ�WKH�VKDSH�RI�RFHDQ�IORRU��ZDWHU�VWUDWLILFDWLRQ�DQG�WKH�WUDMHFWRU\�RI�D�PRYLQJ�VRXUFH��,Q�SDUWLFXODU��ZH�DQDO\]H�D�VSDWLDO�EORFNLQJ�HIIHFW�RI�WKH�ORZ�IUHTXHQF\�FRPSRQHQWV�RI�WKH� ZDYH� ILHOG�� JHQHUDWHG� E\� D� VRXUFH�PRYLQJ� DORQJVKRUH� ZLWK� D� VXSHUFULWLFDO� YHORFLW\�� ,Q� DGGLWLRQ��ZH� FRQVWUXFW� WKH�DV\PSWRWLF� UHSUHVHQWDWLRQ� RI� QRQ�KDUPRQLF� ZDYH� SDFNHWV� SURSDJDWLQJ� LQ� D�PHGLXP�ZLWK� KRUL]RQWDOO\� LQKRPRJHQHRXV�DQG� QRQVWDWLRQDU\� GHQVLW\�� 1XPHULFDO� DQDO\VHV� WKDW� DUH� SHUIRUPHG� XVLQJ� W\SLFDO� RFHDQ� SDUDPHWHUV� UHYHDO� WKDW� DFWXDO�G\QDPLFV�RI�WKH�LQWHUQDO�JUDYLW\�ZDYHV�DUH�VWURQJO\�LQIOXHQFHG�E\�QRQVWDWLRQDULW\�DQG�KRUL]RQWDO�LQKRPRJHQHLW\���

),*85(��� 7R�LOOXVWUDWH�WKH�SURSRVHG�WHFKQLTXHV��WZR�SUREOHPV�DUH�FRQVLGHUHG���D��WKH�ZDYH�ILHOG�DW�IDU�GLVWDQFHV�LQ�WKH�YLFLQLW\� RI� WKH� VHSDUDWH� PRGH� IURQW� JHQHUDWHG� E\� D� SRLQW� VRXUFH� PRYLQJ� RYHU� D� VPRRWKO\�YDU\LQJ� IORRU�� �E���G�� WKH�SURSDJDWLRQ�RI�WKH�$LU\�DQG�)UHVQHO�LQWHUQDO�ZDYHV�LQ�D�QRQ�VWDWLRQDU\�VWUDWLILHG�PHGLXP��6SHFLILFDOO\��LOOXVWUDWHG�LV�WKH�IROORZLQJ���D��FRQVWUXFWHG�UD\V�DQG�ZDYH�IURQWV�RI�QRQ�KDUPRQLF�ZDYH�SDFNHWV�IRU�D�W\SLFDO�RFHDQ�VWUDWLILFDWLRQ�DQG�IORRU�VKDSH���E��QRQ�VWDWLRQDU\�VWUDWLILFDWLRQ�RI�WKH�%ODFN�VHD��VKRZQ�ZLWK�WKH�WLPH�ODJ�RI���KRXUV���F�G��UD\V�DQG�ZDYH�IURQWV��F��DQG�WKH�DPSOLWXGH��G��RI�WKH�ILUVW�PRGH�LQ�D�QRQ�VWDWLRQDU\��VROLG�OLQH��DQG�VWDWLRQDU\��GDVKHG�OLQH��FDVH���
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$33/,&$7,216��7R� LOOXVWUDWH� WKH� SURSRVHG� WHFKQLTXHV�� ZH� FRQVLGHU� WZR� SUREOHPV�� 7KH� ILUVW� RQH� LV� WR� GHVFULEH� WKH� ZDYH� ILHOG� DW� IDU�GLVWDQFHV�LQ�WKH�YLFLQLW\�RI�WKH�VHSDUDWH�PRGH�IURQW�JHQHUDWHG�E\�D�SRLQW�VRXUFH�PRYLQJ�RYHU�D�VPRRWKO\�YDU\LQJ�IORRU��7KH�SUREOHP�LV�VROYHG�E\�WKH��PRYLQJ�ZDYH��PHWKRG��ZKLFK�LV�D�PRGLILFDWLRQ�RI�WKH�JHRPHWULFDO�RSWLFV�DSSURDFK��7KH�SUREOHP�LV�FRQVLGHUHG�DW�WKH�ZHDNO\�GLVSHUVH�DSSUR[LPDWLRQ��ZKHQ�WKH�VROXWLRQ�GHVFULEHV�WKH�ZDYH�ILHOG�RQO\�QHDU�WR�WKH�FRUUHVSRQGLQJ�ZDYH�IURQW��ORFDO�DV\PSWRWLFV���)LJ����D��JLYHV�DQ�H[DPSOH�LOOXVWUDWLQJ�WKH�QXPHULFDOO\�UHFRQVWUXFWHG�UD\V�DQG�ZDYH�IURQWV�RI�QRQ�KDUPRQLF�ZDYH�SDFNHWV�IRU�D�W\SLFDO�RFHDQ�VWUDWLILFDWLRQ�DQG�IORRU�VKDSH��6HFRQG��ZH�VROYH�WKH�SURSDJDWLRQ�RI�WKH�$LU\�DQG�)UHVQHO�LQWHUQDO�ZDYHV�LQ�D�QRQ�VWDWLRQDU\�VWUDWLILHG�PHGLXP��H�L��
DQ�RFHDQ�ZKHUHLQ� WKH�GHQVLW\� �W�]�\�[�U LV� D� IXQFWLRQ�QRW�RQO\�RI� WKH�FRRUGLQDWHV�EXW�DOVR�RI� W��7KHUH�DUH�GLIIHUHQW�
VFDOHV�RI�K\GURSK\VLFDO�ILHOG�YDULDELOLW\�LQ�WKH�RFHDQ��UDQJLQJ�IURP�VPDOO�VFDOH�YDULDELOLW\�ZLWK�WKH�WLPH�SHULRG�XS�WR����PLQXWHV��WR�PHVR�VFDOH�YDULDELOLW\�����KRXUV���DQG�V\QRSWLF�DQG�JOREDO�YDULDELOLW\�ZLWK�WKH�WLPH�SHULRG�IURP�PRQWKV�XS�WR�D IHZ�\HDUV��:H�FRQVLGHU�WKH�QRQ�VWDWLRQDU\�PHGLD�ZLWK�F\FOLQJ�SDUDPHWHUV�RI�DERXW����KRXUV�DQG�PRUH��7KLV�DOORZV�XV�WR�XVH�WKH�JHRPHWULFDO�RSWLFV�DSSUR[LPDWLRQ�DV�WKH�LQWHUQDO�ZDYH�SHULRG�LV�DERXW����PLQXWHV�RU�OHVV��)RU�WKH�SXUSRVH�RI�
QXPHULFDO�FDOFXODWLRQV��WKH�YDULDELOLW\�RI�WKH�%UXQW�9DLVDOD�IUHTXHQF\� �W�]�1 LV�DVVXPHG�WR�EH�WKH�VDPH�DV�WKDW�RI�WKH�
%ODFN� VHD�� )LJ�� ��E�� LOOXVWUDWHV� WKH� %UXQW�9DLVDOD� IUHTXHQF\� SURILOH� DW� GLIIHUHQW� SRLQWV� RI� WLPH�ZLWK� WKH� WLPH� ODJ� RI� ��KRXUV��)LJ����F��DQG���G��VKRZ�WKH�QXPHULFDO�UHFRQVWUXFWLRQ�RI�WKH�UD\��ZDYH�IURQWV�DQG�WKH�DPSOLWXGH�RI�WKH�ILUVW�PRGH�LQ�D QRQ�VWDWLRQDU\��VROLG�OLQH��DQG�VWDWLRQDU\��GDVKHG�OLQH��FDVH���

5()(5(1&(6�����9��%XODWRY��DQG�<��9ODGLPLURY���,QWHUQDO�JUDYLW\�ZDYHV��WKHRU\�DQG�DSSOLFDWLRQ��1DXND��0RVFRZ���������
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