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1 Introduction

To address the need for fast transportation in nearshore,
shallow-water areas, ship designers should recognize that
the performance of multi-hull ships are different from their
counterparts in deep water. The effects of interaction be-
tween ship-generated waves, hence the resulting resistance
of such a hull system need to be considered. Fast-speed
operation in fact can generate sufficiently long waves that
can “feel” the finite-depth bottom.

This paper provides a bried description of a formulation
for the interference wave resistance between two or more
hulls in finite-depth waters, using a distribution of Have-
lock sources over the hulls. This result will lead to a rapid
design-based computation method of the resistance of a
multi-hull vessel, as a function of geometric or configura-
tion parameters, as well as the two Froude numbers, the
length-basedFn, and depth-basedFh.

Havelock [4] and Lunde [7] were among the first to ex-
amine the analytical formulation of water depth to ship re-
sistance. Numerical computations by Kirsch [5] further
explored the effects of the depth-based Froude number on
the wave resistance of a single hull. A different frame-
work was used by Yeung et al. [10] to examine the issue of
total resistance of a multi-hull system. Assuming infinite
depth, they consider the total hull resistance to be made up
of the sum of the resistance of the individual hulls and the
mutual interference effects due to each pair of inteacting
hulls. They obtained a multi-hull interference-resistance
formula, which allows them to rapidly evaluate the effects
of configuration parameters. Their method is generalized
for finite depth here and then applied to some sample de-
signs in this paper. As to be expected, the depth-based
Froude numberFh = U/

√
gh plays a critical role.

It is of note that at the critical Froude number ofFh 1, a
purely linear solution would not be adequate and in fact
there might not be a steady-state solution (Graff et al.,
1964) and a nonlinear formulation such as (Ertekin et al.,
1984; Chen, 1999) would be needed to handle large and
unsteady waves. However, if the design conditions are
away from this critical regime, the use of linear theory can
be reasonably justified, at least as a first search for the pos-
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sible optimal configuration of the multiple parameters of
hull systems in shallow water.

2 Interference Resistance - Analytical Theory
Michell’s single-hull theory

Multi-hull systems often lead to smaller beam-to-length
ratios than those of typical monohulls. This enables the in-
dividual hulls be treated more favorably with a thin-body
approximation, at least as a ‘practical approximation for or
design evaluation. With this assumption, the free-surface
boundary condition could be linearized, then the three-
dimensional boundary-value problem for the velocity po-
tential of the “i-th hull” alone in a laterally unbounded
fluid can be expressed in terms of a Green functionG given
in Wehausen & Laitone [9]:
φi(x, y, z)
U/(2π)

=−
∫∫
Si

fiξ(ξi, ζi)G(x, y, z; ξi, 0, ζi)dξidζi, (1)

whereSi is the surface of hulli, defined by its half-breadth
function y = fi(x, z), and moving with speedU . The
boundary conditions satisfied byG include the free-surface
condition aty = 0 and the bottom condition aty = h:
g

U2
φz(x, y, 0) + φxx(x, y, 0) = 0 (2)

φz(x, y,−h) = 0 (3)

In additionG satisfies the radiation condition of vanish-
ing disturbance upstream of the source. The total potential
associated with any number of hulls can be obtained by a
superposition of the potential for each individual hull if the
dipole distribution is weak.

The wave resistance of a multi-hull system, in the ab-
sence of any mutual interferences, will be given by a sim-
ple sum of contributions of sources over each member hull
of the system as in (1) This would be the same as assum-
ing each of the hull is infinitely far from the others. In this
case, the double integral over the hull surface will involve
only the far-field waves fromG, which yields the formula
below, similar to Kostyukov [6]. It is proportional to the
modulus square of the complex wave-amplitude function
Ai(θ) that involves the hull slopefix:

Rw,i = ρgπ×∫ π
2

θ0

cos θ
1− νH sec2 θ sech2(kθH)

kθ

∣∣Ai(θ)∣∣2dθ. (4)
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Herekθ is the wavenumber of the far-field waves making
an angleθ with respect to thex axis. kθ is a pole of the
Green function, which, for each wave angleθ, must sat-
isfy the equation:kθh − sec2 θ tanh(kθh)/F 2

h = 0, with
given depthh andFh. The resistance is seen as a weighted
integration over the wave angle. Numerical results may
be compared to wave resistance measurements by Kirsch
(1966), whose results had been confirmed except for some
inaccuracies at large, super-criticalFh [1].
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(a) Wave angleθ at the cusp line,θcusp.
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(b) Divergent and transverse wave anglesθ at for given ray
angleψ from the source

Figure 1:Characteristic wave angles in the Kelvin-wave
system in finite depth

The computation of the above integral is guided by the
properties of the ship-wave pattern at finiteFh. The equa-
tion for kθ defines the restriction on the interval of integra-
tion to θ > θ0 whereθ0 = arccos 1/Fh if Fh ≥ 1, or = 0
otherwise. Physically, this corresponds to the disappear-
ance of the transverse waves in the super-critical regime
(Fh > 1). The transition from tranverse waves to diver-
gent waves occurs at a constant wave angle at given length-
based Froude number and depth.

For a givenFh, stationary-phase analysis [7] will lead
to a Kelvin-wave angleψmax, which encloses the wave
pattern, as the solution of:

ψmax = arctan
(
F(θψ, Fh, h)

)
, (5)

whereθψ = θcusp for Fh < 1 andθψ = θ0 otherwise.F
is a continuous function of three variables. The solution
of the θψ at the Kelvin wedge, where the transverse and
divergent waves meet, is shown in Fig. 1a. This angle
separates the contribution of the two wave systems in
Eqn. (4). The variations of the wave angleθ for a given
angular rayψ downstream of the source can be obtained
in Fig. 1b as the intercepts of eachFh curve. The maxi-
mum value ofψ for each Froude-number curve defines the
Kelvin angleψmax of that particular depth Froude number.

Modeling of the interference resistance
For N hulls, the total resistance is a sum of the resistance

on each hull, plus a sum of the resistances generated by all
other sources in the hull system :

RwT =
N∑
i=1

{
Rw,i +

∑
j,j 6=i

Rw,j→i

}
(6)

whereRw,j→i indicates the force due to j-th hull acting on
the i-th. wherej → i indicates the force due toj acting on
i. Using a method similar to the one used for the infinite-
depth case [10], we can prove that the resistance of hullsi
andj on each other is an integral over the wave angle:

Rw,j↔i = Rw,j→i +Rw,j←i = 2πρg×∫ π
2

θ0

Re
{
H(θ, Fh, spi,j , sti,j) G

(
Ai(θ), Aj(θ)

)}
dθ (7)

whereρg is the specific weight of water,sp and st are
the separation and stagger that define the position of hull
j relative to hulli, as illustrated in Fig. 2.G andH are
relatively simple and continuous functions ofθ, the con-
figuration parameters, and the Froude numberFh, and of
the wave amplitude generated by the i-th hull,Ai. The
computations of (7) can be done in parallel with (4) and
very efficiently.
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Figure 2:Frames of reference for two hulls with Separa-
tion (sp) and Stagger (st).

3 Illustrative Results for a Pair of Hulls

The formula (7) was used in conjunction with (4) to com-
pute the intereference and the total resistance of a di-hull
ship having two Series 60 hulls, with a block coefficient
of 0.6, and dimensions of lengthL = 123.96m, beam
B = 16.5m, and draftT = 6.5m. Computations can be
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efficiently performed at a fixed length-based Froude num-
berFn = U/

√
gL = 0.33, for a range of depth parame-

ters, from deep water to shallow water to study the poten-
tial advantages of a multi-hull configuration over mono-
hulls. Fig. 3 shows theinterferenceresistance of the un-
conventional (st6= 0) catamarans (sometimes refered to as
the Weinblum configuration.) It is non-dimensionalized by
R0, the value of the resistance of a monohull of identical
displacement at the same speed and depth. Whenever the
interference resistance is half or less the value ofR0, the
catamaran in this configuration has a smaller wave resis-
tance than the monohull. A−0.25 contour value would
mean a 75% reduction over the monohull.

(a)Fh = 0.8: subcritical speed

(b)Fh = 1.3: supercritical speed

Figure 3:Non-dimensionalized interference resistance of
a catamaran with two Series-60 demi-hulls as a function
of st/L andsp/L, withL being the hull length.

A systematic search for the minimum values of the non-
dimensionalized interference resistance in the surface plots
mentioned above leads to Fig. 4. It is a mapping of the op-
timal combinations of configuration parameters, namely,
separation and stagger. It illustrates how the depth Froude
number modifies the effects of hull interference.

4 A Configuration Problem of a Trimaran
A procedure named “MULTIRESH” was developed to ob-
tain the total wave resistance for systems with one to five
hulls in finite-depth water, parallel to the ” MultiRes” code
mentioned in [11] for infinite-depth water. Multi-hull op-
timization at a specified water-depth is illustrated below
by examining the design possibilities of a trimaran. Three
Series 60 hulls ofCB = 0.60 are combined to form a tri-
maran system with a center (normally the main) hull and
two identical outriggers so that the total displacement is
constant. For reference and comparison, a monohull of
∀o = 1, 408m3 (L = 70m, B = 9.2m andT = 3.7m) is
introduced as the baseline hull. As in [10], each hull is ge-
ometrically similar. Thus, a single parameter,Λ ≡ ∀1/∀o
characterizes the main-hull volume and relative volumet-
ric fraction of the system. Thus,Λ = 0 corresponds to a
catamaran andΛ = 1 a monohull; in between, a trimaran.

ConsiderU = 15kts, at a specifiedFh, very fast com-
putations using (4) & (7) can be carried out forst =
(−50, 50)m, the outriggers’ stagger relative to the center
hull, and a separation between the centerplanes of the out-
riggers (sp < 100m). This is a problem involving four
parameters:Fh, Λ, sp, andst. Figure 5 shows a summary
plot of this result for three values ofFh: 0.5, 1.0, 1.2, in
which we show how the minimumRintf/Ro ratio behaves
with volumetric fractionΛ. Points on a constant-Fh curve
represents a combination ofst andsp that would give the
lowest interference resistance. These summary curves pin-
point the best volumetric fraction for a givenFh, and in
the case ofFh = 0.5, there are actually two minima. To
obtain the totalRwT , the individual resistance of each hull
Rwi/Ro needs to be added. However, it turned out that
this addition doesn’t change the location of the minima.

To obtain a closer look of thesp andst values that may
lead to these maximum negative interference, we show in
Fig. 6, the contour plots ofRintf/Ro in thesp−st plane
for the two Λ values corresponding toFh = 0.5. The
pattern is quite complex. Similar plots are shown for the
Fh = 1.0, and1.2 cases in Fig. 7. The super-critical so-
lution has three competing regions ofsp−st combinations
of negative interference. In the Workshop, the meaning
and implications of these results and those of tetra-hulls
are further clarified.
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Figure 4:Non-dimensionalizedsp−st value as functions of
volumetric fractionΛ of a trimaran, forFh = 0.5 (solid line),
1.0 (dashed line), and 1.2 (dash-dot-dash line).
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Figure 5:Rintf/Ro at the optimalsp−st value as functions
of volumetric fractionΛ of a trimaran, forFh = 0.5 (solid
line), 1.0 (dashed line), and 1.2 (dash-dot line).
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Figure 6:Rintf/Ro contours of a trimaran with three Series 60 hulls, geo-similarly scaled by volumetric fractionΛ, as
functions ofst/L andsp/L at Fh = 0.5. L of the same-displacement monohull is70m.
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Figure 7:Rintf/Ro contours of a trimaran with three Series 60 hulls, geo-similarly scaled by volumetric fractionΛ, as
functions ofst/L andsp/L at Fh = 1.0, 1.2. L of the same-displacement monohull is70m.
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