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this restricted space. An approximation to the displacement function, x = 7, is then produced indirectly.
Motivated by (3) and (5) we employ the approximation ¢ & 1)y, where

N

(r,0,2) Z(pn r,)w,)(z) (r>R), U(rb, z)= Zapn(r, Ow,(r,z) (r<R). (7)

n=0

Outside the ice-covered region, the vertical modes w\’(z) = cosh{k{”(z + h)} are identical to those that

appear in (3). Beneath the ice w,(r, z) = cosh{k,(r)(z + h(r))} generalises the vertical modes that appear
in (5) to variable geometry so that, in the annulus of varying geometry (e < r < R), the functions k,(r)
(n = 0,...) satisfy the dispersion relation (6) generated by the particular vertical structure at each radial
value. In the disc of constant ice thickness and flat bed (r < €) wy(r, z) = wy(2), kn(r) =k, and h(r) = h
and the vertical modes coincide with those appearing in (5). It is therefore expected that ¢y will represent
modulated propagating waves and ¢, (n =1,...) the evanescent waves that are activated at the sources of
scattering.

By restricting the vertical motion to that defined in (7) the variational principle generates a 2N + 6
dimensional set of governing equations, independent of z, to be satisfied by the unknown functions ¢, and
<p1(10) (n = 0,...,N). The dimension of the approximation, N, may be increased to achieve an arbitrary
degree of accuracy. This is, in effect, an application of the Rayleigh-Ritz method.

Truncated versions of the Fourier cosine series expansions of the azimuthal dependence appearing in (3)
and (5) are utilized by the approximation. The dimension of these series, M, is chosen to achieve a desired
degree of accuracy. It can then be shown that

O (r,0) & I, Jo (k"7) + By o Ho(E® +22 L T (k1) + By Hy (K01} cos(mé), (8)

which is a direct truncation of the vertical motion of the full linear solution. It can be further shown that,
within the disc r < e,

M
Pu(r.0) & AnoTno(r) +2 Y i ApmTnin(r) co8(mb), Tnm(r) = Jin(knt) + > Sngdm(iyr),  (9)

m=1 j=1,2

where the values g, ; and fi; are dependent on the dimension of the vertical space and tend to g, ; and y;
respectively as N is increased. In the annulus of varying geometry we write

On(r,0) = ©uo(r —i—QZl ' On.m (1) cos(mb),  x(r,0) = xo(r —|—221 "X (1) cOs(m#),

and deduce that, for each m = 0,..., M, the unknown functions ¢, ,, and x,, must satisfy the system of
ordinary differential equations

N
Z{@T(Tan,,;ar<pi,m,)/r + byi0rQim + (Cni — (M)7) @0 3) i} + Klwn)s=—axm =0 (n=0,...,N),

V?n(ﬂv?fnn) + {1 - — (1 o V)((l/r)ar(/@rar) - (m/r)Qﬂrr)}Xm - va\,[:(] @n,m[wn]zzfd = 07

for e < r < R, where V2 = (1/r)0,(rd,) — (m/r)% The coefficients a,; = an;(r), bpi = by;(r) and
Cni = Cni(r) (i,n =0,...,N) are given by integrals through the fluid depth of the modes w,, (n =0,...,N)
and their derivatives.

We are therefore left with a set of (M + 1) ordinary differential equations in the radial coordinate, each
of dimension (2N + 6). These may be numerically solved. Combining the interfacial conditions generated by

the variational principle with expressions (8) and (9) provides the boundary conditions at the points r = ¢, R
for these ODEs.
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Numerical results

Numerical results are shown for two example problems in the above figure. In part (a) the effect of a quadratic
increase in the thickness of the ice from 10cm at its edge (r = R) to 1m at r = ¢ = R/2 is considered. The
uniform bed has h = 20m and the incident wavelength is chosen as A = 27 /k\”) = R/4. Two problems of
this form are shown. In one the thickness variation occurs on the lower surface of the ice (---) and in the
other is on the upper surface of the ice (x). This is compared to a uniform floe of thickness 85¢m (—), which
is chosen to give it an identical mass to the non-uniform floes. Results for a quadratic protrusion in the
bed from 20m at 7 = 50m to 10m at » = 25m, beneath the uniform floe, are also shown (o). We note that
the two floes of varying thickness provide almost identical profiles. Despite a significant increase in the bed
profile the displacements of the uniform floes are extremely similar. The relative differences between the sets
of results indicates that variations to the thickness of the ice dominate over bed variations.

Part (b) displays the effect of introducing a physically correct Archimedean draught to floes of 50m
radius and uniform thicknesses Dy = 1m, 2m and 4m over a flat bed, h = 20m. The maximum value of the
displacement of the floes, 9y = max ||, are given as functions of incident wavelength, A € (5,50)m, for
floes of a zero draught, d = 0, (solid line) and an Archimedean draught, d = p;D/p,,, (dot-dash). As the
floes become thicker, the displacement they experience decreases which is interpreted as a greater resistance
to the incident wave. We note that the curves are monotonically increasing functions of wavelength for the
longer incident waves. For shorter incident waves, this monotonicity is broken by the occurrence of local
maxima. These maxima are more prevalent for the floes that incorporate a non-zero draught and thinner
floes. At shorter wavelengths, there is a tendency for the floes of a non-zero draught to be displaced with a
smaller magnitude than the corresponding floes of a zero draught, a tendency that is disrupted only by the
occurrence of the maxima at short incident wavelengths. The point at which the floes of a non-zero draught
begin to experience a smaller displacement is relative to the thickness of the floe, so that, the thicker the
floe, the longer the incident wavelength that produces this behaviour. Further results will be presented at
the workshop.
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