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Summary
Diffraction of surfacewavesby a very large floating platform is studiedfor the caseof finite waterdepth. In our paper
largeplatformis theflexible thin quarter-infinite plate.By usingof raymethodwedescribethepropagationof wavemodes
insideof theplatformareasequentially.
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1 Introduction

Recentlythe problemsof the behavior of floating flexible
thin platesonwavesobtainedgreatinterest.Thissectionof
hydroelasticityis importantandwell studiedby numerical
approacheswhile remainsomedifficulties with analytical
investigationespeciallyfor thecaseof finite depth.

Thethicknessof theverylargefloatingplatform(VLFP)
comparedto horizontalparametersis small and they are
modeledasthin elasticplates.Thedimensionsof theseob-
jectscanbein orderof 5

���
in lengthand1

���
in width while

thicknessis around10
�
.

In HERMANS [1], [2], ANDRIANOV andHERMANS [3],
[4] solutionsfor thedeflectionandthetransmissionandre-
flectioncoefficientsareobtainedfor infinite, finite andshal-
low waterdepthfor suchformsof theplatform: thestripof
the infinite lengthandthe semi-infiniteplate. The results
werepresentedat the previous IWWWFB in [3]. Here is
theorydevelopedfurtherfor thequarter-infinite plate.

HERMANS [1] derivedanexactintegral-differentialequa-
tion for thedeflectionof a VLFP at deepwater. Theequa-
tion was solved numericallyby meansof a boundaryel-
ementmethodand a modeexpansion. Later HERMANS

[2] usedthis formulationto derive boundaryconditionsto
apply the ray methodfor short wave diffraction. Some
otherapproachescanbe usedfor the solutionof this class
of problems,for instanceparabolicapproximationmethod,
seeTAKAGI [5], OHKUSU andNAMBA [6].

Herewestudythediffractionof surfacewavesby VLFP
in the form of quarter-infinite plate (QIP) floating on the
surfaceof a fluid of finite depth. It is reasonableto split
up theproblemontwo cases:thefirst with obliqueincident
wavesandthesecondwith perpendicularwaves. We usea
raymethodfor thesolutionwhich consistsof 3 parts.

The platform is idealizedasa platewith elasticprop-
ertiesof zerothickness.In this paperwe ignorethe effect
of cornerpoint. An analyticalstudy is presentedfor the
deflectionin all partsof the solution. The first part of the
solutionis basedon theapproach([2], [3]) for theproblem
of a semi-infiniteplatform. Therean integral-differential
equation,aGreen’sfunction,boundaryandedgeconditions
areused.Onetraveling andsomeevanescentwave modes

areconsidered.A specialtyof presentapproachis in the
considerationof the propagationof traveling mode(main
ray)of thesolutionandcalculationof its reflectiononother
edgeof theplatform(asQIP is considered,platformhas2
edgesperpendiculareachother). Latera specialmatching
conditionintroducedalongtheline which split up theplat-
form areaon part wherethe ’inner’ reflectionis exist and
whereis not. This conditionis valid in all areaof theplate.

2 Formulation of the Problem

We considera floating flexible thin plate which covers a
quarter(x � 0, y � 0) of thesurfaceof anidealincompress-
ible fluid of depthh. z is the positive upwardscoordinate.
We assumewavesin still waterandintroducethe velocity
potential∇Φ � x � y� z� t �	��
V � x � y� z� t � whereΦ � x � y� z� t � is a
solutionof theLaplaceequation

∆Φ � 0 (1)

in thefluid (z � 0) togetherwith theconditionat thebottom
(z �� h) ∂Φ � ∂z � 0 andsurfaceconditionsat z � 0

∂Φ
∂z
� ∂w

∂t
, x � y ��� ;

∂Φ
∂z
�� 1

g
∂2Φ
∂t2 , x � y ��� (2)

wherew � x � y� z� t � denotesthe free surfaceelevation under
theplatform, � is theopenfluid area(  ∞ � x � 0 � 0 � y �
∞ �� ∞ � x � ∞ �� ∞ � y � 0) and � is theplatformarea.
Thedividing surfacesaredefinedas � y (x � 0 � 0 � y � ∞)
andas � x (0 � x � ∞ � y � 0). The fluid region wherethe
incidentfield andreflectedwavesfrom � y coexist is defined
as � 1 andthe region in which incidentwavestransmitting� x as � 2. Incomingshortwavespropagatefrom the open
fluid in thedirectionwhichmakesanangleβ to x axis(it is
shown in figure1).

Theplatformdraft d is shallow andtheplatform is as-
sumedto bea thin layerat thefreesurface.VLFP is mod-
eledthenasanelasticplatewith zerothickness.To describe
thedeflectionof theplatformw weapplythethin platethe-
ory, which leadsto a differential equationof the vertical
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Figure1: Geometryof theproblem

displacementof theplatform:

D B ∂2

∂x2 C ∂2

∂y2 D 2

w C m
∂2w
∂t2 � P (3)

at z � 0 in theplatformarea� , wherem is themassof unit
areaof the platform, D is its equivalent flexural rigidity,
P � x � y� z� t � is thelinearizedpressure

P � ρ
∂Φ
∂t
 ρgw, (4)

hereρ is the densityof the water. After applying the op-
erator∂ E ∂t to (3) and using (2) and (4) we arrive at the
following equationfor Φ at z � 0:FHG B ∂2

∂x2 C ∂2

∂y2 D 2 C µ
∂2

∂t2 C 1 I ∂Φ
∂z C 1

g
∂2Φ
∂t2 � 0, (5)

whereparametersare

G � D E ρg andµ � mE ρg.
Theedgesof theplatformarefreeof momentandshear

force,thenedgeconditionsat � y (x � 0) are:

∂2w
∂x2 C ν

∂2w
∂y2 � 0;

∂3w
∂x3 C � 2  ν � ∂3w

∂x∂y2 � 0 (6)

andat � x (y � 0):

∂2w
∂y2 C ν

∂2w
∂x2 � 0;

∂3w
∂y3 C � 2  ν � ∂3w

∂y∂x2 � 0, (7)

whereν is Poisson’s ratio. Theharmonicwavecanbewrit-
tenin theform Φ � x � y� z� t �J� φ � x � y� z� eK iωt . Thenwereduce
time-dependenceandconsiderwavesof a singlefrequency
ω andobtainat z � 0:B G B ∂2

∂x2 C ∂2

∂y2 D 2  µ C 1D ∂φ
∂z
 Kφ � 0 � (8)

whereK � ω2 E g. For finite waterincidentwavesequals

φinc � coshk0 � z C h�
coshk0h

gA
iω

eik0 L xcosβ M ysinβ N , (9)

hereA is thewaveheightandthewavenumberk0 obeysthe
waterdispersionrelationk0 tanhk0h � K. Lengthof incom-
ing wavesis λ � 2π E k0.

3 Solution (Platform Area)
We considerthe caseof obliquewavesincomingfrom the
field (x � 0 � y � 0) with angleof incidenceβ, 0 � β � π E 2.
As the effect of cornerpoint (x � 0 � y � 0) is not consid-
ered,we mayuseray methodfor this geometryof incident
field. An integral-differentialformulationderivedin HER-
MANS [2] andANDRIANOV andHERMANS [4] for thecase
of finite depth.

Thedeflectionof theplatformdueto thepropagationof
main wave modesrepresentedasa superpositionof expo-
nentialfunctionin thefollowing form

w1 � x � y�O� ∑
n

aneiκnxM ik0ysinβ, (10)

wherean aretheamplitudesof wave modesandκn arere-
ducedwavenumbers.w1 is thelargestpartof thedeflection
correspondedto thesituationwhenraystransmit� y but not
reach� x yet.

Wave functionsκn definedas

κ2
n � κ L nN 2  k2

0sin2 β, (11)

hereκ L nN arerootsof thedispersionrelationP G
κ4  µ C 1Q κ tanhκh � k0. (12)

Numbern � N C 1 denotesthenumberof rootstakinginto
account(onerealandN imaginary)leadusto findingN C 3
unknown amplitudesan.

We introducetheGreen’s functionaftersplitting up the
fluid domainandusingthe thin platetheoryfor the deter-
minationof w1. If the integral-differentialformulation,the
surfaceconditionsandGreen’s theoremareusedto thepo-
tentialsin � and � respectively, we obtainsuchintegral-
differentialequation:B G B ∂2

∂x2 C ∂2

∂y2 D 2  µ C 1D w1 � x � y�O�
K
4π RS B G B ∂2

∂ξ2 C ∂2

∂η2 D 2  µD w1 � ξ � η �UTV� x � y;ξ � η � dξdηC Aeik0 L xcosβ M ysinβ N , (13)

Green’s functionhasthefollowing form:TV� x � y;ξ � η �W�X 2 RYJZ kcoshkh
ksinhkh  K coshkh

J0 � kr � dk (14)

atz � 0,where[]\ is contourof integrationin thecomplex k-
planefrom 0 to C ∞ underneaththesingularityk � k0, cho-
senfor fulfilling the radiationcondition,J0 � kr � - Bessel’s
functionandr2 �^� x  ξ � 2 C � y  η � 2.PSfragreplacements
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Figure2: Contourof integration

We considerthe zerosof dispersionrelation for water
surfaceandthenreplacingof (10) into (13) resultin

∑
n

an _ P G
κ L nN 4  µQ� κn  k0cosβ � cosβ C A � 0. (15)



Here _ � k0K � P K � 1  Kh� C k2
0hQ . Tocompletethesystem

of N C 3 equations,two equationsmay be obtainedfrom
edgeconditions(6). Now amplitudefunctionsan andfunc-
tion w1 canbereceived.

We investigatethepropagationof mainray further. Af-
ter the reflectionof traveling wave mode(main ray) on � x

with anangleθ (that is shown in figure3) the QIP get the
addeddeflectionw2 generatedby thevibrationof theplate
edge� x:

w2 � x � y�O� ∑
n

àneiκ anyM iκ1x, (16)

whereàn are the amplitudesafter the reflectionat � x and
correspondedwave numbersareκ ` 2n � κ L nN 2  κ2

1. By this
way κ1̀ �� k0sinβ and the largestterm of reflectedtrav-
eling wave is à1eK ik0ysinβ M iκ1x. In mathematicalplan àn
arethesolutionsof thesystemdependingfrom a1 � κ1 � and
consistingfrom integral-differentialandedgeequationsat
y � 0.
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Figure3: Reflectionof traveling wave mode(main ray) at
x-axis

In general,the deflectionof the QIP canbe written in
thefollowing form:

w � x � y�O� w1 � x � y� C w2 � x � y� (17)

wherew1 � x � y� andw2 � x � y� weredescribedalready. There-
flectedpartof thedeflectionw2 existsin theregionxE tanθ �
y. The angleof the ray reflectionθ maybe obtainedfrom
tanθ � k0 E κ1.

To find w2 we applyananalysissimilar to thedetermi-
nationof w1. Integral-differentialformulation leadsus to
theequationfor àn:

∑
n

àn _ P G
κ L nN 4  µQ� κn  k0cosθ � cosθ C a1 � κ1 ��� 0 (18)

with thetwo edgeconditions(7).
Now deflectionfunctionsw1 and w2 are known. We

obtainthefollowing intermediateresultsfor totaldeflection
w � x � y� in platformzones:in � 1 (x � ytanθ) w � w1 andin� 2 (x � ytanθ) w � w1 C w2.

In next sectionthe presentapproachwill be improved
by the introducinga specialmatchingconditionalongthe
borderbetweenthesezonesandwe will find a new partof
totaldeflection.

4 Matching Condition
Herewe derive the matchingconditionsalong the border
x � ytanθ which split up the platform areain � 1 and � 2.

By introducingof theseconditions,theconstructionof the
solutionfor wholeareaof the platformwill becompleted.
Insteadof the function w2 will usednew deflectionfunc-
tion, whichexist in bothzones.

For thecaseof obliquewavesweusea’straight-forward’
ray method. For a perpendicularincident field OHKUSU

andNAMBA [6] obtainedasolutionfor platformwhichfloats
on shallow waterby usinga parabolicapproximationand
matchingof differentzones.

We usethe generalformulation for the diffraction of
wavesby QIPandapplytheraymethod.Thesolutionof the
Laplaceequation(1) is Φ � 
x � t � andthe potentialof undis-
turbedincidentwaveφinc is givenby (9).
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Figure4: Geometryof currentanalysis

Let usconsiderthenew systemof coordinates0x\ y\ which
is obtainedby rotationangleπ E 2  θ from 0xyandx\ is the
borderbetween� 1 and � 2 and its direction is coinciding
with directionof raysafterreflectionat y � 0.

We assumethat the potentialunderneaththe platform
canbewrittenasa superpositionof ray-modesolutions

φ � x�O� ∑
n

ϕn � x� eiκxM κz � (19)

whereϕn � x� is theamplitudefunctionof thenth mode.We
skip theprimes.Thedeflectionis representedby

ws � x � y�O� iA
ωg

φz � x � y�¸· (20)

We assumethat our approximationis valid in whole
areaof theplatform. Insertionof (19) to Laplaceequation
(1) gives:

∆ϕ C 2κ � iϕx C ϕz� Cº¹ � K0 �»� 0 · (21)

We write ỳ � K1¼ 2y, κ � Kr andeliminatethez-derivative
by thefollowing expression

ϕz �� iϕx  ϕya ya
2r

· (22)

Insertionof (19) into (8) leadusafterdroppingtheas-
teriskto: ¹ � K � :

P G
r4  µ C 1Q r � 1 · (23)

and ¹ � K0 � :
P G

r4  µ C 1QJB½ iϕx  ϕyy

2r DC G P  2r3ϕyy  4ir 4ϕx Q¾� 0 (24)



(23) is thedispersionrelationat z � 0. Now partialdiffer-
entialequation

2irϕx C ϕyy � 0 (25)

haveto beconsidered.Two termsareequalin orderof mag-
nitudewhenx � ¹ � 1� andy � ¹ � K1¼ 2 � .

Useof Laplacetransformψ � s� y�¿� ∞À
0

ϕ � x � y� eK sxdx lead

usto thefollowing equation:

2ir sψ C ψyy � 2irϕ � 0 � y� (26)

andwe requirethe initial conditions,seeMEI and TUCK

[7], whichdifferswith changeof signof y:

ϕ � 0 � y��� As, y � 0; (27)

ϕ � 0 � y�O� 0, y � 0 · (28)

Valueof theconstantAs maybeobtainedfrom thesecond
partof oursolutionby usingof theresultsfor w2.

Fromgeneralsolutionof (26)wearriveto theequations:

ψ K � s� y�O� α1 � s� eÁ 2ir sy C As

s
� (29)

ψ M � s� y�O� β2 � s� eK Á 2ir sy · (30)

with specialnotationof theamplitudefunctionandits trans-
forms: ϕ K andψ K in region y � 0 andϕ M andψ M in re-
gion y � 0. We candeterminetheconstants:α1 �Â β2 � As E 2s. Applying of Laplaceinversetransformandusing
of transitionconditionsϕ M � ϕ K andϕ My � ϕ Ky aty � 0 lead
usto thefollowing formulasfor theamplitudefunction:

ϕ K � x � y�»�X AsÃ
π
B ∞R

0

eK λ2
dλ  yÄ 2ir

2Ä xR
0

eK λ2
dλ D C As � (31)

ϕ M � x � y�»� AsÃ
π
B ∞R

0

eK λ2
dλ  yÄ 2ir

2Ä xR
0

eK λ2
dλ D · (32)

After thecalculationsof theintegral valuesof thepotential
in the platform areaand respectively of the deflectionws

maybedeterminedtoo.

5 Results & Conclusions
Finally, the total deflectionof the quarter-infinite platform
is writtenasthefollowing sum:

w � x � y�W� w1 C ws (33)

in thewholeareaof theplatform,wherethefirst termis the
mainpartof thesolutionandthesecondpartrepresentsthe
solutionalongtheraysby stretchingthecoordinates.

This approachand analysisof the behavior of VLFP
will bedevelopedfurther. Thedetailsandobtainedresults
will bepresentedanddiscussedat theWorkshop.

Laterwewill extendthepresentedapproachto thecase
whenincidentwavespropagateperpendicularlyto theplat-
form andto the casewhenincidentwavespropagatefrom
(  ∞ �� ∞). Thesameanalysiswearegoingto extendto the
problemfor two other forms of the platform: the strip of
semi-infinitelengthandplateof finite sizes.Thelatter is a
morerealisticcaseandit is themaingoalof our study.
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Question by : T. Miloh 
Is it true that your solution is valid only away from the origin and is it possible to obtain a 
local solution at the corner? 
 
Author’s reply:  
Yes, indeed our solution is not valid near the corner of the plate. 
Yes, it seems possible to obtain a solution at the corner point and in shadow region generated 
by the presence of the corner. Hopefully, on the next Workshop we will show these results. 
 
----------------------------------------------------------------------------------------------------------------- 
 
Question by : M. Ohkuhu 
A problem you treated with is almost the same as those studied in the papers of Takagi (2002) 
and Ohkusu (2003) you referred. It seems though more general, is somehow mathematically 
related to the ones of those papers. I wonder if you would give a description of the 
relationship of them.  
 
Author’s reply:  
Yes, in all three papers the quarter-infinite plate is considered. But in our paper, the general 
case - case of finite depth is studied. Then, by taking the limits, we can solve the problems for 
infinite and shallow water, which is considered in the referred papers. 
The results we presented are valid for restricted values of the angle of incidence. In future we 
will extend our approach to unrestricted incident angle. 
 
----------------------------------------------------------------------------------------------------------------- 
Question by : D.V Evans 
Is your theory a ray theory, only valid for short waves? 
 
Author’s reply:  
In the derivation of the direct and reflected wave fields we have not used small values of the 
wavelength explicitly. However, to obtain smooth solution we introduced a coordinate 
stretching to end up with a parabolic equation. So our approach is valid only for short waves. 
 
----------------------------------------------------------------------------------------------------------------- 
 


