SOME COROLLARIES FOR THE STUDY
OF TWO-DIMENSIONAL BODIES IN WAVES

by Antonio Carlos Fernandes, PETROBRAS/CENPES, Brasil
Newman 76 has put together for the first time the so—called reciprocity relations for
linear hydrodynamic problems involving bodies in the presence of a free surface. Together with
new improvements, they have been presented again by Mei 83 and later, Fernandes 85 has
shown some simple new relations for the diffraction properties of three dimensional bodies.
Under this light, the present work investigates the two dimensional problems a little further.
Let fij be the complex force in the j~th (generalized) direction that results when a
two~dimensional body oscillates harmonically (circular frequency w) in the i—th direction with
a unit amplitude. The following decomposition 1s widely used:
fij = w2a.ij - iwbij (1)
where the coefficient 3] 18 called added mass and bij damping. It i1s possible to show for
symmetric bodies that
by = bygbyg (2)
where the subscript 2 corresponds to sway motion, 4 to roll and 3 is reserved for heave. This
expression, which seems to be new, is a corollary of a more general result given by
by = _ﬁ[xi(x)x}(x) + X,(0) x}'(on ij=2,34 3)
which has been proved by Newman 76. Here, p is the fluid density, g is the gravity acceleration
and Xi(ﬂ) is the wave exciting force on a fixed body under the action of a unit amplitude wave
coming from the f—direction. Now introducing §; as the argument of Xi(O) such that
X,(0) = |X,(0)}¢'% 4
and using (3), it is possible to show for symmetric bodies that

boy = —EP—;-’T|X2(0H 1X 4(0) | {cos(b; = 8,) + isen(8, — 6,)] (5)

Since the left hand side is real, either
62 = 54 (6)
or 8y=46, tr (7
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which is a very strong result and resembles those proved by Fernandes 85 for three dimension:
This result has been considered by Mei 83 but there, the possibility (6) has not been displayed.

In a recent paper, Athanassoulis et alli 88 have shown several relations for th
low—frequency case. These, with the use of the reciprocity relations can be improved and th

results for symmetric bodies are:

Xy = iw?] age(0) + pA ] + o(u?) ®
2 2
X, = pgB + L5 B? i B;’ + o(w?lnw) )
X, = iw? 294(0) = 1 ] + o(u?) (10)
Bq = 895(0) + o(1) (11)
2 2
agg=—5n Bg + o(lnw) (12)
agy = 2,4,(0) + o(1) (13)
B9 = 845(0) + o(1) (14)
5
by = -ﬁz—[ 399(0) + pA ]2+ o(w5) (15)
3 o2
b33 = pB2w + —%—pB3—:—ln—-§-g— + o(w31nw) (16)
5
byy = _:?_{ 894(0) = #1 12+ o) (17)
5
by = g 2g5(0) + pA T agy(0) = 411+ o) (18)

where A is the area of the body trace, B is the body beam at the free surface, a..22(0) and
324(0) are finite real constants expressing the values at the zero—frequency limit and I is a

geometric property given by

B’
In this last expression, zp = — IzBI is the vertical ordinate (3 pointing upwards from the free

surface) of the center of buoyancy of the body trace. Note that I may be positive, negative or
null and indicates how shallow (algebraically small I) the trace goes into the water.

It is important to say that several of these results have in fact been shown before in the
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literature, perhaps with the exception of (9), (12) and (16). The idea here is to illustrate the
relations (2), (6) and (7). Hence, from (8), (9) and (10) it follows that for low frequencies,

arg(X,) ¥ /2 (20)
arg(X5) %0 (1)
arg(X,) 8 x/2 (22)

which is coherent with (6) and (7). The sign in (19) depends on the sign of b, since for low
frequencies and from (18)
sign(b,,] ~ sign[ay,(0) - pI]. (23)
One may apply the reciprocity relations in several ways. A very fruitfull is to take
advantage of the fact that they are necessary conditions and hence may indicate the precision
of the results of numerical methods. For instance, the next table indicates the phase difference
that were obtained via a computer program (based on Green's function integral equation

method) applied to several rectangles with different beam (B) to draft (T) ratios.

kB/2:
B/T 1 5 15
2 0.00 0.02 0.01
8/3 0.00 0.06 0.00
10/3 180.00 179.72 -0.10
4 180.00 180.01 180.07
8 180.00 180.02 179.82

Phase difference a.rg(Xz) —arg(X 4) in degrees
for rectangles for several B/T ratios.
In this table, the results with two decimal figures, are for a 30~points discretization.
Note that the phase difference 62 ~6 4 depends on both the geometry and the frequency and are
discrete in nature. As a matter of fact, at this point it is interesting to note that in Vugts 68 (a
very well known paper which shows experimental results for several rectangles and also other
shapes) there is a small inconsistency. There in page 261, it is assumed that the phase of X2

and X, in the low ﬁequency limit are the same (no matter the geometry) since "both are

proportional to the wave slope, so that in the long wave approximation the phases are indeed
identical”. By the present work, it is clear that the proportionality is correct but the long wave

approximation may lead to opposite phase which depend on I given by (19) and used in (10).
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DISCUSSION

Greenhow: According to van Dyke (in his book) we should be careful
in taking account of log terms in expansions without the corre-
sponding polynomial terms. Some comparisons between the low fre-
quency results and numerical results would be interesting to see
how low the frequency has to be in order for these simple results
to be useful.

Fernandes: I have always felt the lower order long wave approxima-
tion results somewhat disappointing because they are only useful for
very small frequency range. However, with the higher order terms of
the abstract the useful frequency range improved. This is so even
not considering the van Dyke polynomial terms.

Kashiwagi: Is eq.(2) one of what you want to stress in this paper?
If yes, my comment is that relation (2) was proved by Prof. Bessho
possibly 25 or 30 years ago through the argument of integral
equation. And in addition, egs(6) and (1) where also proved by
Prof. Bessho in the same paper.

Fernandes: I am not sure what is meant by "argument of integral
equation”". In this paper equation (2) is presented as a simple
corollary of what is called the Bessho-Newman relation in Mei
(1983), that is, equation (3) here. As for equations (6) and (7) I
certainly agree that they are not new as I tried to stress in the
presentation. But what ultimately I am trying to emphasize is that
this strong result might be more used at least for checking
purposes as I also tried to show in the presentation.

Falnes: As a comment to the reciprocity relation (2) b224=byybygg I

wish to mention that this relation also holds for an axisymmetrical
body, in the 3-D case. A similar relationship b2?;5=bj;bgs applies,
of course, for surge and pitch. The 6x6 matrix of radiation resist-
ance b 1is singular, and its rank is not more than 3 (since,

furthermore, there is no interation between the wave and the yaw
motion of an axisymmetric body) .
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